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Preface by the Translators 


Since 1934 the analytic theory of numbers has been largely 
transformed by the work of Vinogradov. This work, which has 
led to remarkable new results, is characterized by its supreme 
ingenuity and great power. 

Vinogradov has expounded his method and its applications in 
a series of papers and in two monographs t), which appeared in 
1937 and 1947. The present book is a translation of the second 
of these monographs, which incorporated the improvements ef- 
fected by the author during the intervening ten years. 

The text has been carefully revised and to some extent rewritten. 
The more difficult arguments have been set out in greater detail. 
Notes have been added, in which we mention the more im- 
portant changes made and comment on the subject-matter; 
we hope these will be of assistance or of interest to the read:r. 
In particular, in the Notes on Chapter VI, we mention a simpli- 
fication effected by Hua in 1948. 

We are greatly indebted to Professor Davenport, who has 
given substantial help throughout. We are also grateful to 
Professor Mordell and to Dr. G. L. Watson for a number of 
helpful comments. 

1) A new method in the analytic theory of numbers [Travaux de l’Institut mathé- 
matique Stekloff, volume X (1937), Moscow and Leningrad]. The method of 


tyrigonometrical sums in the theory of numbers [Travaux de l'Institut mathé- 
matique Stekloff, volume XXIII (1947). 
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NOTATION 


Throughout the book, n denotes a positive integer greater than 


1, and 
1 
y = —. 
n 


6 always denotes some number satisfying — 1 S0 <1. 


c (and similarly c,,...) denotes a positive constant. 
e (and similarly ¢,,...) denotes an arbitrarily small positive 
number. 


If F and G denote functions of certain variables, and G = 0, 
the notations 
F=O(G) and F&G 


both mean that there exists a positive constant c such that 
| F| <cG. The constant c may well depend on certain other 
parameters (e.g. on n), but the meaning will be plain from the 
context. 

The notation G >> F means the same as F <G, but will only 
be used when F and G are both non-negative. 

For any real number x we denote by [x] the integral part of 
x and by 1) {x} the fractional part of x. We denote by || x || the 
distance of x from the nearest integer, so that 


|| x || = min ({x}, 1— {x}) = min | x — m |, 


the last minimum being taken over all integers m. 
If A and B are real numbers satisfying 0 < B—A < 1l, the 
notation 
A<z< B (mod 1) 
means that 
At+tA<z<h+B 
1) Occasionally, where there is no risk of confusion, { } are used as ordinary 


brackets. 
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X NOTATION 


for some integer 4. Similarly for inequalities in which one or 
both of the signs < are replaced by <. 

If m is any positive integer, t(m) denotes the number of divisors 
of m, 2(m) denotes the number of prime factors of m, and g(m) 
is Euler’s function: the number of positive integers m’ <m 
with (m, m) = 1. 

We use the abbreviations 


elaj) =e" 


for any real number «, and 


for any integers a and q with q > 0. 


INTRODUCTION 


One of the most important problems in the theory of numbers 
is that of establishing regularities of various kinds in the distribu- 


tion of the values of a function /(x,,..., ¥,) of one or more variables. 
We shall consider only those values of the function which cor- 
respond to the integer points (%,,..., %,) of y dimensional space 


belonging to some given set 2. This set may consist either of 
all the integer points of the space, or of those integer points 
which satisfy certain conditions; for example those points whose 
coordinates satisfy certain inequalities, or those points whose 
coordinates are primes, and so on. 

The problem just formulated in such general terms can assume 
very different special forms, according to the kind of restrictions 
imposed both on the function /(x,,...,%,) and on the set 2. 
We single out three problems which’are of great importance in 
the theory of numbers. These problems resemble one another in 
their formulation, and moreover the method which we shall use 
for their solution is substantially the same. I discovered this 
method in 1934 and gave the first systematic exposition of it in 
1937. The method was later considerably revised and simplified, 
and the results refined. The present book contains a new and 
improved exposition of my method and of its application to the 
three problems. 

We proceed now to a more detailed description of the three 
problems in question. We shall give a short account of their 
origin, and shall mention the methods which existed for their 
treatment before the discovery of my method in 1934. 

l. A very important problem is that of the distribution of the 
values of the exponential function 


aC er ene h eT armen oe Me 


where F'(x,,..., ¥,) is areal function. The essence of this problem 
l 
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is to establish an upper bound for the absolute value of the 
sum 


SS Gin eS el FE Oyo) 
Q Q 


extended over the integer points (%,,...,%,) in 2, it being un- 
derstood that the number T of such points is finite. As the absolute 
value of each term in the sum is 1, and the number of terms is 
T, we have for | S| the trivial estimate 


LoVe ds 


The sign of equality holds if and only if all the values of the 
function F(x,,..., %,) are integers, or differ by integral amounts. 
However, for very wide classes of functions F(x,,..., x,) and 
sets 2, it proves to be possible to establish for | S| an upper 
bound very much more precise than the trivial one just indicated. 
This is of the form 


|S | £ Ty, 
where y tends to zero as the number T of points in the set Q 
increases to infinity, even though the function F(x,,..., %,) may 


simultaneously undergo a change of form. The factor y, dis- 
tinguishing such a bound from the trivial one, may be called the 
“factor of reduction”. 

Let us consider in detail sums of the form 


Z e(F(x)), 


where the summation is extended over all integers x in some 
interval Q < x < Q + P, or over a subset of these integers. Such 
sums are special cases of the general sum S with 7 = 1. 

Much attention has been given to sums of the form 


q—1 
(1) S = Le(D(x)), G(x) = a,x" +... + ayy, 
x=0 
where q > 0 and (a,,...,a@,, g) = 1. The simplest non-trivial 
sum of this form, namely 
q—1 
Dy Eq (ax?) , 


2=0 
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was evaluated by Gauss ! and is called a Gaussian sum. The more 
general sum (1) was investigated by Mordell 2, who obtained the 
estimate 


l 
S K g” (> = =) 


n 


when q is a prime. For the case when g is not restricted to primes, 
L. K. Hua? proved that 


S Z a 


This last inequality cannot be substantially improved; there are 
infinitely many values of q for which all sums of the form 


(2) S ela; (a, q) = 1, 


are equal to q™” (see Lemma 4 of Chapter II). 
It is also possible to estimate sums of the form 


X eli) and E zlil), 
(2, @)=1 (2, q)=1 


where 
f(x) = ax” +... H ax + aax +... FH alm”. 


Here the a’s are integers, y is a non-principal character to the 
modulus q, and x’ is defined by xx’ = 1 (mod q). We shall not 
be concerned with such sums in this book, and refer the reader 
to the literature * 5» 6, 

It is considerably more difficult to estimate sums of the general 
form 


Q+P-1 
(3) S= Le(F(x)), F(x) = anx” +... + ay, 
== 


where Q and P are integers (P > 0) and «,,..., & are real. 
The first general method for estimating such sums was given 
by H. Weyl, and consequently the sums are called “Weyl sums”. 
The estimate found by Weyl’s method depends on an approxima- 
tion to the highest coefficient «, of the polynomial F(x) by a 
rational fraction. Let 
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a Ot 
An = — + —, where (a,q) = 1, q >0, ¿t 21. 


gq P 
Then Weyl’s method leads to the estimate? | S| < Py, with 
1 

(4) p < PE(P-! 4+ tq! + tP-"+ + gP-")8&, where o E 
and « can be taken to be arbitrarily small. 

In order to see more clearly the degree of precision of this 
estimate, consider the special case when q S Pandit = 1. Then 
(4) leads to the estimate | S| < Py’, where 


(5) y KT, o =o—e. 
Now let P —> œ and at the same time q —> œ in accordance with 


some law. Then the factor of reduction y’ tends to zero, and 
the rapidity with which it does so depends on the size of 0’. 


l 
If n is large then ọ', being about TE is small, and the estimate 


(5) is then comparatively weak. 

In Chapter VI of this book, a new estimate for Weyl sums 
is obtained by means of my method, and this estimate allows 
one to replace the exponent ọ' in (5) by the number 


] 


sim 3(n — 1)? log 12n(n — 1) 





This tends to zero as n —> œ very much more slowly than 


2 


Qn-1 


and consequently for large n the new estimate (5) is much more 
precise than the former one. 

Successful variants of my method for estimating Weyl sums 
were given by van der Corput (in letters to me in June 1936) 
and by U. V. Linnik 8 (in 1942). But in the present book I confine 
myself to a variant similar to one which I have expounded in 
certain papers. 

The sums (2) are special cases of Weyl sums with Q = 0, 
P =q and F(x) = ax"/q. As we have already seen, there are 
infinitely many such sums for which S = g’”. This shows that 
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in the estimate (5) the number ọ' cannot be replaced by any 
number greater than v = l/n. 

It is a plausible conjecture that the estimate (5) holds with 
o’ replaced by »—e, and more generally one might conjecture 
that the exponent ọ in (4) could be replaced by v — e. A proof 
or disproof of this conjecture would be very desirable. 

But even if such a conjecture were proved, we should still be 
far from having a completely satisfactory solution of the problem 
of estimating Weyl sums. The following simple considerations 
illustrate this. Let s be any one of the numbers 1,...,, and 
let Q and P and all the coefficients of F(x) other than «, be 
given. Let «, vary between 0 and 1, so that the sum (3) becomes 
a function of «,, say S(a,). Then 


1 
(6) [ 1S) Pax, 
Q+P—1 Q+P-1 ý 1 
S A e(F (a) asri — F (x) +042") | (asl?) de, =P, 
2,=Q 2=Q 0 


since the integral 


f elate — x’) )da, 


0 


is 1 if x, = x and 0 otherwise (see Lemma 4 of Chapter I). The 
equation (6) shows that, if 0 < å < 4, the estimate 

(7) | S (a) |= P 

is true for all «, between 0 and 1 except possibly those lying in 
a finite number of intervals of total length < P®4!, which tends 
to 0as P— œ. Roughly speaking, (7) holds for almost all sums 
S(a,). 

Using the results of Chapter VI, it is possible to deduce other 
important conclusions concerning the distribution of the absolute 
value of the sum (3). For example, the following can be proved. 
Suppose n = 11 and let Q and P be fixed. Denote the sum (3) 
by S(a,,...,@,). Then the estimate 


Slip sag 2 L< Sac 
is true for all points («,,...,a,) in the n dimensional cube 
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Osa, £1,...,0 Sa, S1 except possibly for points lying in 
a finite number of regions of total volume less than 


p—0.125n? 


The more complete elucidation of the regions containing points 


(n -œ x) for which | S(a,,...,a,)| is abnormally large re- 
presents a most important task in the problem of estimating 
Weyl sums. 


The methods used to find estimates for Weyl sums can also be 
applied to sums of the form 


Q+P-1 


(8) PE ee ee), 


where Q and P are integers (P > 0) and where the nth derivative 
of the function F(x) satisfies an inequality of the form 

l F™ (x) C 

L ee ee 
A a! A 
in the interval Q Sx <Q + P. One sum of this kind has a 
very important application to the question of the distribution 
of the primes °. In the special case when n = 2, sums of the 
above form are of great importance for the problem of the number 
of integer points in a given region in the plane or in space, for 
example the region x? + y? S 7? or the region x? + y? + 22 < 7?; 
and a method for estimating such sums was found independently 
by van der Corput 1° and myself 1. Van der Corput further showed 
that by imposing some additional restrictions it is possible to 
combine his method with Weyl’s method so as to improve the 
result. He also obtained estimates for the general sums (8) by 
using Weyl’s method ?°. 

In Chapter VI we apply my method to the sums (8) when 

n> ll and P «&« A < P’, and obtain, subject to these con- 
ditions, the new estimate 





(4 = 2) 


l 


9 S:< Pie, Boe 
(2) > 3n? log 125n 


© 
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This represents, for large n, an improvement over earlier results 
similar to that already mentioned in the case of Weyl sums. 
Naturally the question arises whether a further improvement 
on (9) is possible, that is, whether ọ can be replaced by a larger 
number. In view of the very general character of the sums S 
in (8), it is difficult to make any specific conjectures. Perhaps 
it will be best to confine ourselves to an important special case. 


Consider the sum 
Pot P 
S(t) = 5 pEr: 
z= Po+1 
where P, and P are integers satisfying 4P) S P < P» and ¢ is 
any number satisfying Po"? < t < P,""1. (This sum occurs as 
the example to Theorem 2b of Chapter VI.) Here we have 





— l)”-tnlt 
DaF (x) = tlog x, DaF m(x) = sae A 
nx" 
and consequently 
(n) 
a es 
2an (3 P)” n! ~~ 2anP" 
Putting 
2an (3 P)” 
A = ———, l= 3", 
t 
we have P< A < P? and 
l F™ l 
—<s cee for Ppt+ls«sP4+P. 
A n! A 


Thus the conditions which we imposed on the sum (8) are satisfied. 
Further, we have 


p,n-} PotP PoP ppl 
P isors= SE [7 e0ng 
Po x,=Pytl =P J Py” 
But the integral 
E e” (log x, — log x) dt 
port 


has the value P,"-!— P," if x, = x, and is 
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< | log x, — log x | 71 
if x, ~ x. Putting x, = x + u in the latter case, we have 


u | u | P 
log} 1 + —] |> —, or | log xı — log x|! « —. 
x P | 24 | 


| log x, — log x | = 





It is now easy to deduce that 


Pee, P P 
| | S(t) |2 dt — P(P," — Py") < P X — & P? log P, 


whence 


pr~ 

(10) | | S(¢) |?a¢ = PP + O(P,""} log P): 
Py"? 

The equation (10) shows that the number ọ in the estimate (9) 

cannot be replaced by a number 9’ > 4. Moreover the same 

equation shows that if 0 < å < 4 the estimate 


(11) | S(t) | «< Pr 


holds for all values of ¢ in the interval P)"-? < t S P,""! except 
possibly for those lying in a finite number of intervals whose 
total length is at most P”+24-2, and so is negligible in comparison 
with P,”-1— Po”? for large P. Thus, in a sense, the estimate 
(11) holds for almost all sums S(t). 
Finally, we consider sums of the form 

(12) 2 e(F(x)), 

where F(x) is a real function and the summation is extended only 
over a subset of the integers in the interval Q < x < Q + P. 
All the sums with which we shall be concerned will have >> P*® 
terms. It must not be thought that an estimate for such a sum 
is inevitably worse than, or no better than, that which would 
be obtained if summation were extended over all integers of the 
interval. For example, if in the sum (2) we restrict x to those 
integers in the interval 0 S x < q which are relatively prime to 
q, the’ sum is always < qê, whereas the sum (2) itself can be 
equal to g*” for infinitely many values of q, as we have already 
mentioned. 
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Sums of the form 
(13) 2 e(F(P)), 
psN 
where $ runs through primes, constitute a particularly interesting 
special case of the sums (12). In Chapter IX we show how the 
estimation of such sums, in the simplest case when F(p) = af, 
can be reduced to a straightforward application of my method. 
This is effected by means of the following identity (or certain 
generalizations of it): 
(14) ®(1)+ È O(p) = YX p(d)G(ma). 
/N<psNn ‘dm SN 
Here d runs through products of primes (including the “empty” 
product 1) not exceeding „yN, and m runs through positive 
integers. The identity (14) has been known for a long time, and 
can be very easily deduced from the Sieve of Eratosthenes. 
Closely related in some respects to the identity (14) is the famous 
identity of Euler: 


a0 —1 a0 —1 

bias a E (22) 
m=1 MÄ p p* a=1 a 

where s =o + tt and o > 1. This identity and its generalization 
for the L-functions were later fundamental for the theory of the 
distribution of the primes, created by the work !3 of Dirichlet, 
Riemann, Hadamard, de la Vallée Poussin, Hardy and Littlewood 
and others. 

In fact the identity (15) can be deduced from (14), by taking 
(m) to be m~ and making N —> œ. We should mention here 
that it was by modifying the idea of the Sieve of Eratosthenes 
that Viggo Brun was led to his well known method, which has 
made it possible to solve a series of very subtle problems in the 
theory of the distribution of the primes. 





2. Closely related to the problem discussed in § 1 is the problem 
of the distribution of the fractional part 


ty... 4%) = (Fly... x} 
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of a real function F(x,,...,%,). We again suppose that the 
number T of points in the set 2 is finite. Each value of f(x,, . . ., x,) 
satisfies 0 < f(x,,...,%,) < 1. It transpires that, for very wide 
classes of functions F’and sets 2, every number « in the in- 
terval 0 < a < lis approached by values of f(x,,..., x,). In fact 
it can be proved that the distance from « to the nearest 
value of /(x,,...,%,) does not exceed y, where the number 
y = y(T) does not depend on « and tends to zero as T > œ, 
even though there may at the same time be a variation in the 
form of the function F. Moreover in very general cases it is also 
possible to establish a considerable measure of uniformity in the 
distribution of the values of f(x,,...,%,). This uniformity is 
expressed by the fact that, for any 6 with 0 < 6 < 1, the number 
H of values of f(x,,....%,) satisfying 0 <S f(x,,...,%,) < ô is 
approximately proportional to 6; more precisely, 
H = Tô + O(Ty,), 

where y, is independent of 6 and tends to zero as T > œ. In 
what follows we shall consider only the case when the function 
fis f(x) = {F(x)}, and x takes all integral values in some interval 
Q <x<Q +P, or a certain subset of these values. This is a 
special case, with 7 = 1, of the general problem just stated. 

The simplest problem to treat is that of the distribution of 
the values of the function 


f(x) -={[201, D(x) = a,x" +... + ax, 
where q > 1, (a,,..., 4,7) = 1, and x runs through a complete 
set of residues to the modulus q. Here, using the estimate stated 
earlier for sums of the form (1), it can be proved that the number 
H of values of x for which f(x) lies in the interval 0 < f(x) <6 
is given by the asymptotic formula 


H = qô ai O (q+), 


A more difficult problem is that of the distribution of the 
values of the function 


(16) F(x) = {F (x)}, F(x) = anx” +... + a,x, 
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where «,,..., & are real and x runs through the integers of the 
interval OQ Sx < Q + P (Q and P being integers). The first 
general solution of this problem was given by H. Weyl, who used 
for this purpose his own estimates for the sums (3) which bear 
his name. However, Weyl’s results were relatively crude. Later 
the problem was extended and generalized, mainly in the work 
of van der Corput and Koksma, who used better estimates for 
the sums (3) and (8), obtained by Weyl’s method. The most 
precise result obtained by the application of Weyl’s method to the 
question of the distribution of the values of the function (16) can 
be formulated as follows. Let 


a 0 
me ag (a, q) =1, 0< q < P”. 


Then the number H of numbers in the sequence 
jæ) = {FQ}, x=.. 0 +P] 
which satisfy 0 < f(x) < ô is given by” 


H = Pô + O(Py), 
where 





y = PE(P- + qt + qP, o = 

In Chapter VIII, my method is applied to the estimation of 
the error in the preceding formula, the result being an improve- 
ment of a kind similar to that mentioned earlier in connection 
with Weyl sums. 

Further, in Chapter V we obtain also a very precise estimate 
for the distance from any proper fraction « to the nearest number 
in the sequence 


f(x) = {F(x)}, #=1,..., [0], 
where F(x) is as in (16), and } is one of the numbers u,.. ., l, 


and A= 1/l, and q, is determined by 


(a, qi) = 1, qı > 0. 
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Finally, in Chapter XI, it is shown how my method can be used 
to investigate the distribution of the values of the function 


F(b) = tap}, 


where # runs through primes <N. 


3. Of special interest are the laws of distribution of the values 


of functions /(%,,..., x,) which take integral values for points 
(x,,...,%,) of the set 2. Here the question arises how often a 
given integer N is represented by the function f(x,,..., x,) at 


points of the set 2. In other words, what can be said about the 
number of solutions /(N) of the indeterminate equation 


(17) Pitts touche IN 


In some cases we aim only at establishing the inequality 
I(N) > 0, which shows that (17) is soluble; in other cases it 
proves to be possible to find an asymptotic formula for J(N) or 
even an exact formula for J(N). 

We now discuss in more detail the distribution of the values of 
the function 


METIEN he) SA ee ew 


where it is supposed that the set 2 consists of all points (%,, .. ., %,) 
of y dimensional space with non-negative %,,..., Xp 

Here it can very easily be proved that if y < n there is an 
infinite sequence of positive integers N for which the equation 
(17), that is the equation 


(18) L +... ae” SN, 

is insoluble. In fact, let Nọ be a sufficiently large positive integer. 
If (18) is soluble for some N < Np, then all the numbers x4, ..., %, 
occurring in a solution will be found among the numbers 

(19) O V5 ey ENG hk 

Therefore, making x,,...,%, in the sum x,” +... +x,” run 


independently through the numbers (19), we find among the 
[Ny + 1] sums all numbers N < JN, for which the equation (18) 
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is soluble. Here those N for which (18) is soluble with unequal 
values of x,,..., x, will occur at least 7! times (since %,,..., X, 
occur in 7! different ways). The number of values of N for which 
(18) is soluble, subject to the condition that x,,..., x, are not 
all different, is « Nọ”. Therefore the number K of all N < No 
for which (18) is soluble will satisfy 


K<- SNe za 1) + O(N ae) 


l 
= (No + 1)" + O(Ny”) < 0.6N, 


for sufficiently large Nọ. This means that for more than 0.4N, 
numbers N < N, the equation (18) is insoluble, and this proves 
our assertion. 

What are the values of 7 for which (18) is soluble for every 
N = 0, or at least for all N = cy, where cy is sufficiently large? 
Lagrange }® proved that the equation 

wet... t+xP=N 

is always soluble in non-negative aces Mist toy gy. [n 1770 
Waring asserted that for every n > 2 there exists 7 = v(m) such 
that for every integer N = 0 the equation (18) is soluble in non- 
negative integers x,,...,x, This assertion became known as 
Waring’s Problem. It was first proved by Hilbert in 1909. His 
method was of a somewhat special character, and since it led to 
very large values for 7 it is now almost forgotten. 

In order to give greater clarity to the subsequent exposition 
we introduce the symbol G(m) to denote the integer with the 
following property: there exists some c such that for every integer 
N 2c the equation (18) is soluble for r = G(n), but there does 
not exist any c, such that (18) is soluble for every integer N = c 
when 7 = G(n) — 1. From what has been said above it follows 
that G(m) exists and that G(n) > n for every n. 

In 1919 Hardy and Littlewood developed a new method for 
the solution of Waring’s Problem, which is incomparably more 
general and exact than that of Hilbert. These scholars found an 
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upper bound for G(n) of the form 


(20) G(n) S n2"-*h, 
where kh —> 1 as n — œ. Moreover, for 
(21) r = (n— 2)2"-1 + 5, 


Hardy and Littlewood gave for the first time the asymptotic 
formula 1° for I(N): 


Ge eee 
rv- z N-e 
T (rv) EA ) 


where © = G(n,7,N) is the “singular series’, the meaning of 
which is explained in Chapter II below. Hardy and Littlewood 
also proved that, if (21) holds, © > 1. The most recent refinements 
of the method of Hardy and Littlewood, due to L. K. Hua ", 
allow one to replace the numbers on the right of (20) and (21) 
by 2” + 1. 

In Chapter IV my method is applied to the investigation of 
G(n), and gives the upper bound 


G(n) < 3n (logn + 11) 


instead of (20). As n —> œ this is of the order n log n, and con- 
sequently is not much larger than the lower bound n + 1 esta- 
blished above. As far as the asymptotic formula (22) is con- 
cerned, its validity will be proved only for 


r = [10n*log n] 
(Chapter VII). It seems probable that by a further development 
of my method (or perhaps in some other way) the order of mag- 
nitude of this lower bound for r might be brought down nearer to n. 


Another interesting problem is that of the distribution of the 
values of the function 


Ibi +++ br) = br" +... + Be", 
where #,,...,#, run through the primes. 
As early as 1742, there arose from the correspondence of Gold- 
bach with Euler the so-called ‘‘Goldbach’s Problem”, which is 
the conjecture that every integer greater than 1 is the sum of 


(22) I(N) = 
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not more than three odd primes. According to this conjecture, 
any even number greater that 2 must be representable as the 
sum of two primes. In 1919, V. Brun, when endeavouring to use 
his method (mentioned above) to prove the latter conjecture, 
showed that every positive even number is representable as the 
sum of two numbers, each of which is a product of not more than 
9 primes. Later the number 9 was reduced to 4, but the attempt 
to prove Goldbach’s conjecture for even numbers in this way 
did not succeed. In 1930, L. G. Schnirelmann, by supplementing 
Brun’s method with arguments of his own concerning the den- 
sity of a sequence of positive integers, proved ł8 that every 
integer greater than 1 is representable as the sum of a bounded 
number of primes; later the bound was brought down to 67. 

In 1923 Hardy and Littlewood indicated a method for solving 
Goldbach’s Problem for odd N which is similar in its nature to 
the method which these scholars created for the solution of 
Waring’s Problem. They established, conditionally on a certain 
hypothesis, an asymptotic formula for the number J(N) of 
representations of N in the form 


N =p, + be + bs; 


where #,, fs, b3 are primes. From this asymptotic formula the 
validity of Goldbach’s conjecture for all sufficiently large odd N 
would follow trivially. The hypothesis underlying Hardy and 
Littlewood’s work is the validity of a theorem, as yet unproved, 
concerning the zeros of Dirichlet’s L-functions. However, by the 
beginning of 1937, a method was worked out by Page 1° and 
Estermann 7° which allows one to deduce an asymptotic form- 
ula for that part of the integral for J(N) which corresponds to 
the so-called basic intervals (see Chapter X). This method is 
applicable not only to Goldbach’s Problem but to similar more 
general problems. A series of such problems was solved towards 
the beginning of 1937: it was proved that every sufficiently 
large integer N is representable in the form N = pf’ + p” + # 
(p’, p” primes, x a positive integer), and that every sufficiently 
large odd N is representable as N = pi + p2 + PPa (Pr Do, Pa 
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p, primes), and so on. But for the solution of Goldbach’s Problem 
for odd N it was necessary to have non-trivial estimates for sums 
of the form (13), with F(p) = «p, that is, for the sum 

2 e(ap), 

pSN 
for all values of «in 0 < « < 1 not belonging to the basic intervals. 

The general method which I found in 1937 for estimating the 

sums (13) allowed me to solve at last Goldbach’s Problem for 
odd numbers, and also opened up a broad road to the solution 
of other very diverse analogous problems, for example Waring’s 
Problem for primes, that is, the problem of the representation of 
an integer N in the form 


N=%,"+...+,". 

In Chapter X we restrict ourselves to the detailed solution of 
Goldbach’s Problem for odd numbers. For a treatment of 
the more general question we refer the reader to the excellent 
monograph of L. K. Hua ?. 

In conclusion, I wish to express my gratitude to K. K. Mard- 
janichvili who carefully read through the manuscript of this 
book and drew my attention to a number of oversights. 
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NOTE ON VINOGRADOV’S METHOD 


It is not always easy to recognize the unity of idea underlying 
the various forms which Vinogradov’s method assumes, and the 
following remarks (though necessarily sketchy) may help the 
reader. 

The fundamental principle of the method is that it is possible 
to estimate effectively sums of the form 


d Li e(auv) 


(and certain similar but more elaborate sums) under very varied 
conditions of summation on u and v. In the applications of the 
method, the variables u and v often arise as functions of a large 
number of other variables. Generally speaking, it is possible to esti- 
mate a sum of the above form provided that the values assumed 
by u and v are distributed with a certain measure of regularity. 

Three simple estimates for sums of the above form occur as 
Lemmas 10a, 10b, 10c of Chapter I. But not all the applications 
of the method are based on these particular estimates. 

The relevance of exponential sums of the above general form to 
particular problems in the theory of numbers is usually far from 
obvious. Even where such sums occur, or can be introduced, 
it may be exceedingly difficult to prove that the values assumed 
by the variables u and v have sufficient regularity of distribution 
to lead to a useful estimate. 

There are essentially four applications of the method in the 
present book, namely in Chapters IV, V, VI, IX. There is a certain 
distinction which can be drawn between the applications in 
Chapters IV and V and those in Chapters VI and IX. In the 
former, the arithmetical problems under consideration are such 
as to admit of treatment by any one of a variety of constructions. 
The constructions used by Vinogradov are so designed as to lead 
to exponential sums of the general kind mentioned above, and 
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to ensure the necessary regularity of distribution of the variables. 
To achieve this end it is necessary to use methods which, in 
relation to the problem itself, appear to be distinctly artificial. 

The position is different in Chapters VI and IX, the former 
of which is devoted to Weyl sums and the latter to the sum 
de(ap) extended over primes p. Here the exponential sum is 
prescribed, and the difficulty hes in making its estimation depen- 
dent on that of other sums of the general type mentioned above. 
To do this, very ingenious subdivisions and transformations are 
employed. The general line of argument is easily visible in Chapter 
IX, and was also visible in Vinogradov’s earlier and less elaborate 
treatment of Weyl sums. In the present Chapter VI it is somewhat 
obscured by the other devices which have been superimposed on 
the original main idea in order further to improve the final result. 
But the technique of summation over y in Lemma 6 of Chapter VI 
represents a generalized form of the fundamental principle men- 
tioned earlier. 


CHAPTER I 


General Lemmas 


In this chapter we give some general lemmas, which will be 
applied in later chapters. Lemmas which are obvious or well 
known are given without proof. Lemmas 10, 15 and 16 are original, 
and it is the application of these that constitutes the distinguishing 
feature of the method of this book. 

LEMMA la (Cauchy's inequality). Let y be a positive integer and 
ll Keam Ke, Vata Ve De Veal. Then 


aoi eae A a a a Baa rA gee EI 


LEMMA 1b (Holder's inequality and the inequality of the arith- 
metic and geometric means). Let r be a positive integer, and let 
m > l and x,,...,%x, be non-negative real numbers. Then 


(Wy... +x)" Sr (xy... H) and rx, ...%, S (x, +...44%,)". 


Proof. We may suppose that r = 2. Let h be the arithmetic 
mean of the numbers x,,..., x, Among these numbers there is 
one Sh and one ZA. Suppose xı Sh < x. In the interval 
0 Sz < min (h — xi, x, — h) the function (x, + z)” + (x,.—z)™ 
decreases, and therefore 

x, + X” Z A” + (x, + x, — A)”. 
Further, since (xı — 4) (xa — A) < 0, we have 
XXa S A(x + Xa — h). 

Denoting *, + Xa — A, %5,...,% 
we see that 
HPH... Ha DZ h p y + o.n Hy and xi... x, SAY. -Yp 
where the arithmetic mean of the numbers y, ..., Y, is again 


equal to A. Repeating the argument, we find that 


21 


in any order by yo,..., Yp 


T 
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Vee ee eV ee NO eo Se ee ee aNd Vous Ve Ss Wee kp 


V,” + v,” > h” + h” and vau, S Rè. 
It follows that 
x +... ee Z rh” and xk... By SR, 


which proves the lemma. 
LEMMA 2. Let n and m be positive integers and let T,,...,T 
be non-negative real numbers. Then 


n 5 n 
(2 2=T,) c Dae a 


=1 s=1 


Proof. By Hoélder’s inequality (see Lemma 1b) we have 


n m n m n m 
( 2 27, =2-" (r, ag > 2-17, ) < Iar EE ( pa v7, ) : 
s=1 s=2 s=2 | 
Repeating the argument, we see that 


1 di yi ne 
( » 2-7, ) Se ( p> 2-27, 


$=2 $=3 


n m m 
( p> -vn-27,] < T pa” + (>mar) 
Sre a E n 
whence the result. 
LEMMA 3. Lety be a positive integer, and suppose that N > 0. 
Let K,(N) denote the number of solutions of the inequality 


wrt... +x" SN 
in positive integers x,,...,%, Then 
K,(N) = T,N” — 6rxN”-”, 
where 0 = 0 (and |0| < 1, as always) and 
(PU +9) 
Ed a) 
Proof. Obviously 
K (N) = N” — 6’, where 6’ = 0, 


and the lemma is therefore true for 7 = 1. 
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We now apply the method of induction. Let us assume that 
for some 7 = 1 the lemma is true for K,(N). We have 


Koa) — 2 K,(N — RT f, b> (N oes ge aes O rN”, 


o<zaN” o<xraN’” 


where 0” = 0. Now 


N? 
» way f (N — x")\"dx< > (N — x")”, 
0 


o<craNY OSx2<N” 


whence 
N?” 
E (N— x)= f (N — x") dx — "NT, 


o<craN” 0 


Hence, noting that T, < 1, we have 
NY 
Kai = T; | (N — x")"dx — 0 (r + 1)N™ 
0 


= TiN — G(r + 1)N”, 
where i 
ri I 
Thes rT, Í (1 — z)” -ldz Z5 T, vi (1 + ly) — ET 
0 L(1+rr+ r) 


and 0 2 0. Consequently the lemma is also true for K, (N). 
Lemma 4. Let N be an integer and let 


1 
T= f e(Na)da (e(£) = e5). 
0 
Then 


r_[14N=0, 
7 0 otherwise. 


LEMMA 5. Let m be a positive integer, let a be an integer, and let 


Ce a) (ent z (=)) | 


z=0 m, 
Then 


S= | m f a is divisible by m, 
0 otherwise. 


LemMA 6. Let M and N be integers with M < N, and let a be 
a non-integral real number. Then 
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N | l 
È e(ax) | < ; 
2 [| a || 











bo 


Proof. We have 


S e(a(N + 1))—e(aM) | 
ae = e(a) — l 








Sm Sillal 

2 | sin za | 

LEMMA 7. Suppose t 21. Then every real number a can be 
represented in the form 

E where (a, q) = 1, E AR EEA 
q qt 

Proof. Expanding « as a continued fraction, we can take 
alg to be the convergent with the greatest denominator not 
exceeding T. 

LEMMA 8a. Let 


ay + (y) 
p(y) = ——— , 
q 
where (a, q) = 1. Let f and q’ be integers with O<q’ <q. Let y 
take the values f, f+1,..., f+q'—1, and suppose that for 


these values of y the function p(y) takes real values, the difference 
between the greatest and least of which does not exceed A (A > 0). 
(I) Suppose U = 1, and let 
. l . l 
E (05 IPY) TOM} A G tIl Di) son 
Then 
Q < (A+ 3)U + qlog gq 
and 
Qa < (A + 3)U? + QU. 
(II) Suppose V > 0, and let T be the number of values of y for 
which 
(1) I) Il £ Vg. 
Then 
T<A+2 -+ 2V. 


Lo 
Jı 
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Proof. Putting y = f + z we have 
az + 6(z) 

















LE 


For a suitably chosen B, we have B <6(z) <S B +4 for 
z= 0,1,...,g —1. Putting f = {B}, and denoting by the 
letter o the least non-negative residue of az + [B] to the modulus 
q, we obtain 


, where 6(z) = af + y(f + 2). 


I (y) || = | ae | where f < o(o) SP + 4. 


(I) If g Så + 3 the estimates for 2 and 2, are trivial, so we 
can suppose that 4 <q — 3. 
The values of @ consist of some or all of the numbers 


Oi) a dg fk; 
Put qa = [8 + 4+ 1], so that 0 < gj < q, and note that 


0S a(o) < lo 
for every value of ọ. 
For the values of y for which 


o = 0 and g—@,...,¢d—1 


(if they occur), we take the term U in the sum defining 2 and 
the term U? in the sum defining 2). The number of the above 
values is q + 1 <å + 3, and in this way we obtain the first 
term in each estimate. 

For the values 


0 = L222 Soy 
we have 


e + o( s 

i| 2 (y) || = S | r 

q q 

where s = gif ọ +o(e) < 4g ands = q —q,— oif o + o (o) = 44. 

Plainly 1 < s < 4q, and each value of s occurs for at most two 
values of ọ. 


Hence to complete the estimate for 2 we can take 


IV 
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[$(¢-1)] [4(e-1)] 9 l 
q St 
24 — l < q log q. 
Gd A a OR 
To complete the estimate for 2, we can take 
2 LD min (U2, tg2s-2) < 2 | min (U2, ig?s-*)ds = 2qU. 
0 


s=1 
(II) For g<A+2-+2V the assertion is obvious; for 
q =2A+2-+ 2V the assertion follows from the fact that the 
inequality (1) can hold only for 
eo =0,...,[(V] and g—[B+4+4+V],...,.¢g—1. 
LEMMA 8b. Let 


fi” h j 
x = — + —, where (a, q) = 1. 
q ¢ 


Suppose that 2 Sq SW, 1< Wo SW; and put 
Wo 1l 
S= È min ( san) 


0<2SW, z’ Qazi 
Then 
S < (Wy + 34 + 16W97) log W. 
Proof. We dissect the sum S into parts according to the 
scheme 


S= & + È 4+...4+ Dy 


0<zSte ja<z< ža (Jo—$)a <z < Wo 


For values of z occurring in the first sum, let ọ denote the least 
non-negative residue of az to the modulus q. Since 


az + O2/q 
q a 
and 0 < z S 49, we have 
|| az || = (s — $)/¢, 


‘2 if ọ S 4q, 
S = g 1 
q—o if o> $9. 


Thus the first sum does not exceed 


where 
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s—1 1 
0<sshq $S — m 1<sShe Sa} ) ag 
< 2q + q log 29 
< 3q log q. 


To the remaining sums we apply Lemma 8a, (I). Each sum is 
of the kind considered there with 4 = l and with U = W/(j—4)q, 
where 7 = 1,...,J 9. Thus the sum in question is less than 


q log g + 4W/(j — $)¢. 
Finally, therefore, 





29 4W 
S < 3glogg + 2 (agg + E) 
j 1—3 
4W 4) +4 
citite + (a-+ Bing SDH 2) ) 
j=2 (7 $) 2 


< (3¢ + W, + 4q) log q + 4Wq-1(2 + log(} + Woq7})) 
< (Wa + Tg) log W + 16Wg log W. 


LEMMA 8c. Let P and m be integers, and suppose that P > 1, 
m > 0, s > 1; let k be a real number = 1; and suppose that 


am Om 
x = — + —, where (a, q) = l and 0 <q < P. 

q q° 
Let y run through at most P consecutive integers, and let H denote 
the number of values of y which satisfy 
(2) | oy || S kP. 
Then 

H < (3m + 2kq P1-$) (Pg + 1). 
Proof. Let (m, q) = d, m = dm, q = dq,. Then 

am,  @m,/q 
71 qı 


We can apply Lemma 8a, (II) to any sequence of g, or fewer 
consecutive values of y, with V = kPt-sq, and 4 = m,. The number 
of values of y satisfying (2) in such a set will therefore be less than 
mı + 2 + 2kP1-*g,. Hence the number of such values of y in 
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a set of P consecutive integers will be less than 

(y+ 242R Pg) (PQ +1) S (3m, + 2P) (Pg + 1) 
= (38m,d+ 2k P1—*q,d) (Pq,-1d-1+-d-1) 
<< (3m + 2kP'-8qg)(Pq-! + 1). 


Lemma 9. Let N and Y > 0 be integers, and suppose that 
A = 26 = 2. Let y run through the values N,..., N+ Y —1, 
and for these values of y let the function D(y) take real values, subject 
to the condition that 


l 
Te d 1) — Dp) S É jor N Sy SN +Y 2. 


(I) Suppose that U = 1, and put 


ma ( l 
> = min | U2, sean} 
y=N 4 || Ply) I|? 


Then 
S < [YBA-! + 1](2U2 + 2AU),. 

(II) Suppose that W = 1 and let H be the number of values 

of v satisfying 
| Pty) || S WA. 
Then 
H < [YA + 1](2W + 1). 

Proof. For a given real « and a given integer h, there cannot 

exist more than one value of y satisfying the inequalities 


(3) ath<@iy)Sa+Atta. 
Therefore the number T of values of y satisfying 
(4) x < O(y) Sa + A (mod 1) 


is equal to the number of values of h for which the inequalities 
(3) are soluble. Consequently T < ha —h, + 1, where hy is the 
greatest and h, the least of these numbers 4. But obviously 
DN) Sat A +h, ath<@ON+ Y—1), 
whence we deduce that 
h, -— hı, —A1< @(N + Y — 1) — (N) S pA-“"(Y — 1), 
T < BA-Y — 1) + A + 1 < YpA™ +4 1. 
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(I) For 0 < {@(y)} S 4 there is an s in the sequence s = 0,..., 
[44] such that y satisfies the condition (4) with a = sA~1; on 
the other hand for {O(y)} > 4 and for {O(y)} = 0 there is an s 
in the same sequence such that y satisfies the condition (4) with 
a + AT! = 1—sA-. In both cases we have || (y) || 2 sda. 
Therefore 


00 2 
S < [YBA + (20° + È min (203, 2) 
s=1 2s? 
< [YfA-1 + 1] (2U? + 24U). 
(II) The assertion follows from the fact that an interval of 
length 2WA-! can be covered by [2W + 1] intervals of length 


<A, 
LEMMA 10a. Let (a,g)=1,¢21. Let 


q—-1 q-l 
S=2 2 E(x) (y) eq(axy), 
x=0 y= 
and suppose that 
q—1 qa—1 
Xi | E(x) |? = Xo, 2 nly) |? = Yo. 
2=0 y= 


Then 
| S| < (Xp¥og)?. 


Proof. Using Cauchy’s inequality (Lemma la), we have 





\S®<X, = Z (y)e laxy) i 
-X,5 5 aon a a 


r=04,=0 y=0 
For given y, and y, summation over x gives g |n(y)|? if y = Yy 
and zero if y, Æ y (Lemma 5). Hence |S |? < X Yoq. 
LEMMA 10b. Let M, X, N, Y be integers, with X > 0, Y > 0. 
Let 


a 
(y) = ateo where (a, q) =1, g> 0. 


Let y run through the values y = N,...,N + Y — 1; and suppose 
that when y runs through any q consecutive values in this set the 
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difference between the greatest and least values of the function p(y) 
does not exceed 4 (A> 0). Let 
M+X-1 N+Y-1 


S= ©} È &(x)n(y)e(xP(y)), 


z=M y=N 
and put 
M+X-1 N+Y-1 
2 |é) = Xo, LD | nly) | =Y, max | nly) | =n. 
x=M y=N 
Then 


|S |S (XY a( (2A + 6)X + 34) [Yg + DF. 
Proof. By Cauchy’s inequality, we have 


M+X-1| N+Y-1 |2 
|S)? < Xp 2 2 n(y)e(*P(y)) | 





We compare the sum on the right with 
M+X-1 X-1 | N+Y- 


S= & È | E noel + B0) | 


%=M x=—-X+1 | y=N 
In the latter sum, there will be at least X pairs x,, x, for which 


x, +x, has a given value x in the set x = M,...,.M+X—1. 
Hence 
(eis eee Orr a S 
Now 


N+Y-1 N+Y-1 X—-1 


ces Says, SS e( (1 +2) (0x) —90))). 


Applying Lemma 6 to the summations over x, and x we obtain 


s e “Ss YT i (2x: l 
Se eg INES N Ban Oe) 


The Y values of y in the inner sum can be split into at most 
[Yq-1 + 1] sets, each consisting of at most q consecutive values 
of y. To each such set we apply Lemma 8a, (I), with ®(y) — (y1) 
in place of (y) and X4/2 in place of U, and with the same A. 
The sum over at most g consecutive values of y is of the form 
Qy and is therefore less than 


2(A + 3)X2 + QX 4/2. 
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Hence 
N+Y-1 
S'S y(2(A + 3)X? + 2gX4/2)(Yo* +1] È | n(n) | 
YN 
< y( (2A + 6)X? + 39X) [Yq + 1]Y,. 
In view of the relation between S and S’, this proves the result. 
Lemma 10c. Let M, X, N, Y be integers, with X > 0, Y > 0. 
Suppose that A = 2B = 2. Let y run through the values y = N,..., 


N + Y —1, and for these values of y let the function ®(y) tak 
real values subject to the condition that 


<0 +1)— oy) É. 


Let 

M+X-1 N+Y-1 

S= È ZX E(x)y(y)e(xO(y)), 

c=M y=N 
and put 
M+X-1 N+Y-1 

2 | E(x) ? = Xo, 2 |n) | = Y., max|7(y) | = 7. 

Then 


|S | < (XV in (4X + 34)[Y$4- +.1])?. 


Proof. The proof of the preceding lemma applies, down to 
the inequality 


a "oo l 
S< E |n) X ymin (2x | 
Yy=N i y=N 4 IÐ (y) es (y) ||? 


The inner sum satisfies the hypotheses of Lemma 9, if we 
take ®(y) — (yı) in place of (y) and X¥+/2 in place of U in 


that lemma. Hence 
N+Y-1 
S’ < (4X? + 2AX4/2\[YBA14+ 1] È 


Y= 

< (4X? + 8AX)[VBA+ + 1]Y,. 
In view of the relation between S and S’, this proves the result. 
LEMMA 11 (Fourier series). Let F(x) = P(x) +10(%) be a 
periodic function of x with period 1, and suppose that the interval 
0O<x S1 can be split up into a finite number of intervals, such 


n(¥1) 
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that the real functions P(x) and Q(x) are continuous and monotonic 
in the interior of each. Suppose further that 

F(x) = (F(x + 0) + F(x —0)) 
at each point of discontinuity of the function. Then 


F(x) = ta, + È (a,, cos 2amx + bp sin 2xmx), 
m=l1 


where 
1 


1 
fn = af F(E) cos 2amédé, bm = 2| F(E) sin 2amédé. 


m 
0 0 
LEMMA 12. Let y be a positive integer, and let a, P, A be real 
numbers satisfying 
0<A<4, ASBP-—eS1—A. 
Then there exists a pertodic function p(x), with period 1, satisfying 
(i) w(x) = 1 in the interval a +44 S x S B— FA, 
(ii) w(x) = 0 in the interval B+ 44 Sx Sl+a— FA, 
(iii) 0 < y(x) <S 1 tn the remainder of the interval 
x — ł4 Sx SI +a— y}, 
(iv) y(x) has an expansion in Fourier series of the form 


y(x) = b — a + È (a,, cos 2nmx + bn sin 2amx), 
m=l1 
where 


| am | S 2(am) >, | bm | S 2(am)™, 
CAET — a), | On | S 2(B — a), 


2 ( y \" 9 y \? 
|an | <— L); | bn | <— (2) 
Proof. Let y(x) be the periodic function of period 1, defined by 
w(x) = 1 in the interval «a < x < 8, 
ya(x) = 0 in the interval f < x <1 +q, 
Wo(x) = 4 for x =a and x = ß. 
Expanding this function in a Fourier series, we obtain 


olx) = 4$4y9 + >, (am o COS 2amx + bmo Sin 2amx), 


m=l1 
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where 
a+ 
w= 2| yolar = 28 — a), 
x 
f I, , 
Ci of cos 2amxdx == — (sin 2xmf — sin 2xma), 
, Oo WATE 
B 
Dan 2| sin 2xmxdx = — (cos 21ma — cos 2am). 
i od MIU 


Define ô by 276 = A. Define the functions y,(x),..., y,(%), 
all of period 1, by the recurrence relation 


] 


Ô 
ail, Yoril% + 2)dz, @=1,...,7 


Yo(x) = 


We shall prove by induction on ọ that 
(i) Yo(~) = 1 in the interval a + 96 < x < B — 06, 
(ii) Wo(%) = 0 in the interval B + ọô < x < 1 + a — 06, 
(iii) 0 < Yo (%) <1 in the intervals «— oô <x <S a«a + oô 
and B — oô Sx SB oò, 


(iv) (x) has the Fourier series expansion 
Yo(x) = — a + 24 (mg cos 2amx + bmo Sin 2mx), 
where 


l 
amo = — (sin 2amB — sin 2ama) | ——— 


sin r) 
2amo 





bmo = —— (cos 2nma — cos 2amp 
© ma 


- 2nm0d\ 2 


Irm , 


Suppose these four properties hold for Yo-1(*). It follows at once 
that the first three hold for p,(x), since y(x) is the average of 
Yo-1(%) in the interval (x — ô, x + ô). As regards the fourth 
property, we have 
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1 l re) 
Amo = af | T B Yo- (È + z)dz | cos 2amédé 
l Ô 1 
= -i dz f : Vo- (E + z) cos 2amédé 


TENE 
= -f a f Yo-1(€) cos 2am (E — 2) dé 


sin 2xm6 
e- onmd ` 





1 fo 
— 5 B fa m. o-1 COS 2amz + bn, 0-1 sin 2amz}dz = Am, 


and the analogous relation holds for ,, ,. 
Putting y(x) = y,(x), and recalling that 276 = A, the results 


stated in the enunciation follow at once. 


LEMMA 13 (van der Corput’s Lemma). Let M and M, be integers 
with M < M, and let f(x) be a twice differentiable real function 
defined in the interval M S x S M, and satisfying 


0 S f'(x) S z, f(x) 29. 
Then, taking either both the + signs or both the — signs, we have 


È e(stfte)) = f eaae + 29, 


Proof. It suffices to consider the case of the + signs. We 
apply Lemma 11 to the function F() of period 1, defined for 
0<&<1 by F(E) = e(f(x + &)) and for £= 0 by 


F(0) = $f{e(f(x)) + elf + 1))}. 


Putting € = 0 in the Fourier series for F(&), we obtain 
HE) + elle + 1))} = do + È a 
where 
bay = | elie ae, 
Am = f ete + &)) {e(m&) + e(—mé)} dé. 


Summing the above result for x = M,..., M,— 1, we have 
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io) — UAN) — belt) — f e oe 
= =Ë “tel mE) + e(— mé)}e(f(E) dé 


We can suppose on loss of generality that the common 
value of these two expressions is real and non-negative, since 
this can always be ensured by considering f(x) + å instead of 
f(x), for a suitable real number å. On integration by parts, the 
last series becomes 


a) l M, 

E (se) | e0) — ei mê) eee). 
o0 l M, F (ë) 

ma z 2mm JM o AREE 








de(— më + f(E)). 


ees E M is 


Since the value of the whole expression is real, we can replace 
the first sum by 


$ = za s fE 
2am! J ym + F(E) 
and the second sum by a similar expression. 
The function 7’ ()/(m+/’(&)) is non-negative and non-decreasing 


in the interval of integration. Hence, by the second mean value 
theorem, 


d sin 2a(më + f(€)) 


m=i 


o d sin 2a(mé + F(E)) 
m m + f(E) 
f (M) 
— m+f 
where M < i o < M,. The absolute value of the last expression 
does not exceed 


oe 2n(mM, + f(M,)) — sin 2n(mMy + f(My)}, 


2 
2 = 
m+} Əm + 1 


Similarly for the integral in the second sum. 


Moj 
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Finally, allowing for the two terms łe(f(M)) and 4e(f(M,)), 
we see that the difference between the sum and the integral in 
the enunciation does not exceed, in absolute value, 


eo Jl] f 2 2 
katoe e aa } 





a1 2nm m41 ` 2m—) 
142 S a m m ) EET 
7 T m=1 M \2m— 1 2m + 1 E I l 


LEMMA l4a. Let P 1, let z be real, and let 


P 
= f e(zx")dx. 
0 


Then 
! is | ae) oe 
= [lzl'v2 if [zl > Bo. 

Proof. The first of the two results is obvious, so we can 
suppose that z > P-". Making the change of variable 22x” = u, 
we obtain 

I=U+y4, 
where 
Co Co 
U= f y(u) cos nudu, V = f y(u) sin nudu, 
0 


0 
and 


g = 22P" > 2, w(u) = v(2z2)-"u? 1. 


We express U as 


$ 2 o 
ff] y(u) cos nu du, 
0 4 k—4 


where k = [ø + 4]. Since y(u) is positive and decreasing, the 
first integral is positive, and the remaining integrals are alter- 
nately negative and positive and decrease in absolute value. 


Hence 
3 


|U | S max (fv fi veau), 


whence 
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1 
[U] S| pedu = (22) 
0 
Similarly, on expressing V as 
1 2 (0 
f +Í +... + Í y(u) sin zu du, 
0 1 1 
we see that the same conclusion holds for | V |. Finally, 
PE) OE (02) a 


LEMMA 14b. Let N = 2, and let log N = r. Let z be real and let 
N N 
(2) -f La Te =f e(zx) Jx 
2 


Y 2 log x 








Then 
I (z) «rt min (N, |z |71) for all z, 
Jl) <r min (N, | z |-1) for |z| < NÈ. 


Proof. For the integral I (z) the result is trivial. The estimate 
Nr“ for J (z) is also trivial. It suffices, therefore, to prove that if 
N- <z <S NŻ then 


N e(zx) 
—— dx < zir, 





2 log x 
Now 
/ (2N) d 
O e caer 
2 log x 
and 
N  e(zx) l ] 
—- dx K —— .— Kz iy! 
fa log x log y (2N) z 


by the second mean value theorem. Hence the result. 


Lemma 15. Leth,...,l,n be g fixed integers satisfying 
O<h<...<l<n, and let k =1 be an integer. For each 

= 1, 2,..., k let there be given a non-empty set S, of “ponts”, 
not necessarily distinct, where a “pont” means a set of g integers 
(Uns -. +, Uy, Un). 

Suppose that all points (U,,, ..., Ui, n) of the set S, satisfy 
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U en < Mp”, e Aot Uis < Mp”, 
where M 2 1, p, > 1, and 
Le Dee beo JTE k 
Suppose further that for any intervals of lengths 
MPP ..., Mhn, 

the number of points of the set S, whose coordinates fall respectively 
into these intervals 1s at most ®,. 

Consider all possible selections of k points, one from each of the 


sets S,,...,5,. For such a selection, denote the point selected 
from S, by (Uy4,...,U4,). Put 


’ tyn 


U= Ua e Umea a et OF ite a e U 


Then, for every selection, we have 


(1) Un L Mpi cea Ur LK Mp 
Also, for any given integers 2,,..., Z Zn the number 
w(Z,, +--+, Zu Zn) Of selections of points (ETET Un) for which 
(2) Ce E ee Te Uae 
satisfies 
(3) Plisi Bayon) Divya Diss 


Proof. The inequality (1) follows immediately from the 
hypotheses of the lemma, since p, is the greatest of f,,..., Dy. 
It is to be understood, of course, that k is bounded. 

We have to prove the inequality (3). We can write the equa- 
tions (2) as 


U1, = By (U2, i oer Une) 


where v takes the values A, ..., 1, n. The sum in brackets is always 
< Mp. & Mp"). Thus, for given values of z,,...,2,, the 
coordinates of the point 

(Usa ee ade Uin) 


lie in given intervals whose lengths are respectively 
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Z Mp”), La K< Mp 0”. 


It follows from the hypotheses that the number of possible choices 
for the point (Uiw ---- Uin) IS <Q. 
Having chosen this point, we can write the equations (2) as 


Uor mE (2, rae Uir) mpz (U3, ue ee U pr) 


where y takes the values h,...,1/,”. The sum in brackets is 
always < Mpy < Mp0. Hence, for given z,,...,2,, and 
given U,,,..., Ui, n the number of possible choices for the point 


(Uar - - +» Uan) IS K Da. 
Continuing in this way, we find that the number of possible 
selections of k points, satisfying (2), from the & sets S,,..., S; is 


< D... Dy 
This proves (3). 
Lemma 16. Let p = RH, where R > 1, H > 1. Suppose that 
—p SX < Y,Y,4+RSX,< Yo... Y,,+ RSX, <Y, Sb. 


Let v, .. ., v, take all integral values in the intervals 
Are Ue gpa sty Aa ee a a 
Let E denote the number of sets v,,...,U, for which the sums 


Uee t Ups oy Og T ewer Ua" 


fall into any given intervals whose lengths are respectively 


E re 
Then 


E Z Hin(n—D p(n), 


Proof. Instead of the given intervals of lengths 


DY eee pro) 
we consider intervals whose lengths are respectively 
l, p,..., pr 


Each such interval is shorter than the corresponding interval of 
the given set, except for the last interval which is of the same 
length. We shall prove that the number of sets of values of 
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v,;,...,V, for which the sums in question fall into these shorter 
intervals is 
& Hèn), 


This will imply the result stated; for we have then to multiply 
this number by 


pe ae pe gee pee aed 
Z TETERA AR płn, 


Let v, ..., V, and vi’, ..., V, be two sets of values for which 

the sums 

Sp eee Sy See ee a 
both lie in given intervals whose lengths, for k = 1,... n, are 
respectively 1, ~,...,f"-1. Then 
(4) | Se — Sg (Spo for k = 1,..., 1. 
Let c, ..., 6, be the elementary symmetric functions of v4, . . ., Up 
and similarly for o,’,...,0,’. Since all the values of the variables 
v; and v; lie between — p and p, we obviously have 
(5) Sp KP", Sk KP", Op KP", Op KP“ 
for k= 1,... ^. 

The power sums s}, . . ., S, and the elementary symmetric func- 
tions o,,...,0, are connected by the well known formulae of 
Newton: 

Se — O1Sk-1 F OS- — +». + (— 1) “oy, 45; + (—1)*ko, = 0 

(A=1,...,n). 


These formulae, together with the inequalities (4) and (5), im- 
ply that 
(6) o; — o; <p? for; =—1,...,m. 
Since o, = Ss, and o,' = sj’, this is obviously true when 7 = 1. 
Also, if (6) holds for 7 < k, we have 

Oj Ski — O; Spi = (0; — 9;')Sy_5 + O; (Se — Sr) K PP" 


for 7 < k. It follows from Newton’s formulae that 
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k| Or — or | S| Se — Se | + | S:4—91 5,4 | +... 

+ | Oy_y8y — Op 81 | K PP, 
which proves (6) for 7 = k. Hence, by induction, (6) holds for 
E E Me 

Now 
(v-—v,)...(v—v,) = v” — oy" 1+...+ (—1)"on 
Hence, if v is any integer satisfying |v | < $, we have 
(v—v,)...(v—v,) — (v — v)... (vu —9,') < pr) 
by (6). In particular, putting v = v,’, we have 
(Va —0,)... (Ua —U,) < pr. 
Since |v,’ —v;| 2 R for 7 < n by the conditions imposed on 
the intervals X; < v, S Y, of the enunciation, it follows that 
n—1 
Un —Un K pa He. 
This shows that there are < H”~! possible values for v,. When 


v, is fixed, the same argument can be applied to the variables 
Vi- -Yn and the sums 


Ue Fana Ue ea Se ee ea 
and shows that there are < H"-* possible values for v,_,; and 
so on. Finally, the number of possible sets of values for v4, . . ., v, is 
&« H”, H"... 1 = Hro, 

Lemma 17. Let k and l be fixed positive integers, and let t,(m) 
denote the number of solutions of the equation x,...%, =m in 
bositive integers (so that, in particular, ta(m) = t(m), the number 
of divisors of m). Then 

(1) t,(m) << m°; 

(ii) DL t(m) = z (logz + 2E — 1) + O(2); 

j0<msz 

(iii) E (ay(om))' < 2(log z + 1)"; 

0<msz 


where E denotes Euler's constant. 


42 METHOD OF TRIGONOMETRICAL SUMS 


Proof. The results (1) and (ii) are well known. An elementary 
proof of (iii) was given by C. Mardjanichvili in Doklady Akad. 
Nauk SSSR, 22 (1939), No. 7. 


NOTES ON CHAPTER I 


Many of the lemmas in this chapter represent well known 
techniques in the analytic theory of numbers. 

Lemma 4 is of course the fundamental principle of the Hardy- 
Littlewood method. In the original memoirs of Hardy and 
Littlewood, the principle was used in a superficially different form, 


namely that if f(x) = 2a,x" for |x| < 1, then 
0 


E Ne , 
Way = — f (rete tda 
27 0 


for 0 <v < 1. It was Vinogradov who recognized that it is tech- 
nically simpler to work with finite exponential sums instead of 
with power series. 

Lemma 7 is one of the simplest results on Diophantine ap- 
proximation, and is due to Dirichlet. For a proof not depending 
on a knowledge of continued fractions, see Hardy and Wright, 
An tntroduction to the theory of numbers (Oxford, 1945), Theorem 
36 (p. 30). 

The use of Fourier series, as in Lemma 12, is essentially that 
introduced into the analytic theory of numbers by H. Weyl in 
his great memoir in Math. Annalen, 77 (1916), 313—352, which 
also contains his estimate for Weyl sums. 

Lemma 15 represents a generalization of a technique introduced 
by Hardy and Littlewood in the sixth memoir of their famous 
series ‘‘On some problems of Partitio Numerorum”, [Math. Zett- 
schrift, 23 (1925), 1—37]. 

It may help the reader to appreciate the underlying idea if 
we examine a particular case, which is essentially that of Hardy 
and Littlewood. Suppose g = 1, so that the numbers h,...,/, n 
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reduce to a single number, say n. Take the sets S,, fort=1,..., k, 
to consist of the nth powers of the distinct integers between 
(say) p, and 2p, where p, = p-”"". We can take M to be 1. 
The number @, in the lemma is the number of nth powers of 
integers between p, and 2p, which lie in an interval of length 
pr) = p, and so is bounded. The essential point of the 
lemma is that the numbers 
Un = x2 +...+4%,", where p, < x, < 20,, 

are almost distinct. That is, the number of sets x,,..., x, for 
which U,, assumes a given value is bounded (assuming k to be 
fixed). Thus in the original form of Hardy and Littlewood, the 
method is one for constructing distinct sums of k nth powers, 
and it is used for this purpose in connection with Waring’s 
Problem, as for instance in Lemma 1 of Chapter IV. 

Vinogradov’s more general form of the principle is applied 
later in the book (in Chapters V and VI) in conjunction with 
Lemma 16. 

Lemma 16 shows that the sums of the powers, up to the nth, 
of n variables which run through well-separated intervals are 
(in a sense) independently and uniformly distributed. Lemma 15 
will be used to facilitate the repeated application of Lemma 16. 

Vinogradov’s proof of Lemma 16 has been replaced in the 
present text by a simpler proof due to Hua [Quart. J. of Math. 
(Oxford), 20 (1949), 48—61]. Vinogradov’s formulation of the 
lemma was slightly more general. Instead of the sums 


Up A a ae eae Uy” Se eee a 
there stood the sums 
MU SR wee Ry gd ny QU SP we Ana 
where each x is +1 or —1l. The proof given in the text is also 


easily adapted to give this slightly more general result. For we 
may assume, without loss of generality, that 


MH... = 4% = +1, Xr = -o = p = — 1l 


? 


where the last equation will not occur if y = n. Let v,,..., Un 
and v,’,...,v, be two sets of values for which the sums 
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UF H... F An, and ay eke H Ann" 


both lie in given intervals whose lengths, for k = 1,..,n, are 
respectively 1, ,.., p°}. Then, writing 


a e E a a Ua eu, 
Ss, = UE H... HH uE HH U Heo E E, 
we have 
| Se — Sp | Sp* for k = 1,... ^. 
With this new definition of s, and s,’ (and the corresponding 


definition of o, and o,'’) the proof goes through as before, apart 
from obvious changes. 


CHAPTER II 


The Investigation of the Singular Series 
in Waring’s Problem 


In the present chapter we establish some properties of the 
“singular series” ©, defined below, which will be used in later 
chapters (IV and VII). This series was first discovered and in- 
vestigated by Hardy and Littlewood. 


Notation in ths chapter. In the present chapter we suppose 
n = 3 and use the following notations. 
For (a, q) = 1, q > 0 we put 
q—1 
(1) S(a, q) = È e,(ax"). 


x=0 

For integral g > 0, integral N and fixed positive integral 7, 
we denote by the symbol M (q) = M (q, N,r) the.number of 
solutions of the congruence 

xL” +H... +" =N (mod q), 

when %,,...,%, run independently through complete sets of 
residues to the modulus g. Further, letting a run through a reduced 
set of residues to the modulus q, we put 


(2) A(q) = Alq, N, r) = q7 È {S (a, q)¥e,(— aN). 
We define © by 
(3) EE E E A 


(provided the infinite series converges). 
By the letter p we denote a prime. It is well known that for 
p > 2 and any integer s > 0 there exists a primitive root g to 
the modulus #*, that is, a number g whose order with respect to 
the modulus $° is w(p*). Every number in a reduced set of residues 
to the modulus #° is =g® (mod 4°) for a unique b with 0<b <q(#%). 
45 
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For p = 2 there is no primitive root (mod 2°) if s > 2, but there 
is a number g (for example, 5) whose order with respect to the 
modulus 2° is 4m(2°), and every number of the form 4m + 1 in 
a reduced set of residues to the modulus 2° is = g® (mod 2°) for 
a unique b with 0 < b < 49(2°). 

By the letter r we denote the exponent to which $ enters into 
the canonical factorization of the number n. We put 


= {t+ 1 for p> 2, 
~ |r+2 for p= 2. 
We write 


(4) PP) = (P, N, 7) = È A (P, N, r) 


s=0 


(provided the infinite series converges). 


LEMMA 1l. For any integers qi, . . ., q, which are relatively prime 
in pairs, we have 


S (44,91) - - - S (ar, Ve) = S (Qi F - -F OQ MW + We): 
where Q, =q- .- qq]! for s= 1,..., R. 


Proof. We have 


S (ai, qi) -S (ar qr) 
qı—l @—1l ay ay n) 


qı—l1 Qy—i 


=E.. E ea (00 ttai) rts + + Oee)"), 


and this proves the lemma, since Q,%, +... + Q,%, runs through 
a complete set of residues to the modulus g,... qx 


LEMMA 2. For any integers qu, . . ., qy, relatively prime in pairs, 
we have 


A(q,)..-A(Gn) = A(Q- - + Vx): 


Proof. If a,,..., a, run through the reduced sets of residues 
to the moduli g,,...,4¢,, we have, by Lemma 1, 
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A (qı) -.. A(x) 
fra) Arr S (4 G7) ot S(O G,) Ve ( = ct Mii +2) N) 


a, ak i 1 Vk 
a,O,+...+a,Q 
OG) ee SO ee Ge Pa co e 
a, ak qı- fk 
This proves the lemma, since aQ, +... + a,Q, runs through a 


reduced set of residues to the modulus q}... qy 
LEMMA 3. We have 
| S(a, p) | < (6— 1)p*, where 6 = (n, p— 1). 


Proof. It is well known that if (z, #) = 1 the congruence 
x” =z (mod $) is soluble if and only if the index of z (that is, 
the number b for which z = g? (mod 9)) is a multiple of 6, and 
moreover when it is soluble the congruence has 6 solutions. 
Therefore in the case 6 = 1 we have, by Lemma 5 of Chapter I, 
S(a, p) = 0. In the case 6 > 1 we obtain, using the same lemma, 


| 6-1 p-1l /mi; l | 
(S(p) ]=|1+ X E e (EE) (az) 
| m=0 z=1 Ô | 
ô-1 p- i 
al = z e (A) e,(a2) 
| =] z=1 6 





6-1 p-1 p-l 3 
< lo —1) © È & es(m(ind z, — ind a)eg(@le —2))| 
m=1 2;=1 z=1 
Hence, collecting together for each ¢= 1,..., $—1 the terms 
satisfying the condition z, = źż (mod #4), we have 
6-1 p-1 p-l 
| S(a, p)? S(6—1) LX È Des (mind tje (a(t — 1)z) 
m=1 t=1 z=1 
o-1 p—1 
= (6—1) © (p—1— E es(mind 4). 
m=1 t=2 
As ¢ runs from 1 to —1, the index of ¢ assumes all values 
(mod 6) equally often. Hence the last expression is 


6-1 
0—1) E p= 1% 
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Lemma 4. Let « be an integer, and suppose that 1 <a < n and 
(n, p) =1. Then 
S(a, p*) = p*. 
Proof. Transforming the sum S(a, #*) by the substitution 
x = pE + z, 
where € and z run independently through the values 
=0,..,p—1,z=0,..., p7 — 1, 
we reduce the general term of the sum to 
(= 1 “| 
e |— , 
p” p 
since 2(a — 1) 2a. The sum of the terms corresponding to any z 
not divisible by p is equal to zero. Therefore the sum S(a, p”) 
is equal to the sum of those of its terms for which z is a multiple 


of p, i.e. x is a multiple of p. But the number of such terms 
is equal to #** and each of them is 1. 





LemMMA 5. Let a be an integer, x >n. Then 
S(a, p”) = "S (a, p*"). 

Proof. By the definition of t, we have n 2 2° 2741, 
whence « 2t + 2. Transforming the sum S(a, p*) by the sub- 
stitution 

ype E ER, 
where é and z run independently through the values 
E = 0, ..., p — 1, z = 0, . . ., p% 1-1, 


we reduce the general term of the sum to 
az”. ange 
á pe + prt i 
on recalling that p* divides n and «a = t + 2. The sum of the 
terms corresponding to any z not divisible by # is equal to zero, 


since n is not divisible by #*+1. Thus the sum S(a, 6%) is equal 
to the sum of those of its terms for which z is a multiple of $, 
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i.e. for which x is a multiple of p. Hence 
pol_y pr} 
S(a, p*) = a Cpa(ap” xy") = pe S(a, p&™). 
Lemma 6. We have 
| S(a,q)|<n™q'” and A(q) & gp”. 


Proof. We confine ourselves to the proof of the first inequality 
as the second follows immediately from it. Let 


q = py... Pe 
be the canonical tactorization of the number g. We apply Lem- 
ma l, putting q, = p and defining a,,...,a@, (as is always 


possible) by the congruence a = aQ +... + 4,0, (mod q), 
with the Q’s of Lemma 1. Then, defining the symbol T(a,q) by 
the equation S(a, q) = qT (a, q), we obtain 
T (a, q) = T (a1, py)... T (ap, Py’). 
If 1 <g«&<n and (n, p) =p we have , 
| T(a, p*) | = p0» | S(a, H”) | SP" Sp Sn; 
if « = l and (n, p) = 1 we have, by Lemma 3, 
|T (a, p”) | < Pnp s np; 
if 1<«<n and (n, p) = 1 we have, by Lemma 4, 
| T(a, p*) | = penp = pea a. 
Thus for 1 Sa <n we have 
| nif pn’ 
x <1 == , 
| T(a, p*) | S (; if p > nê. 


These last inequalities are valid also for « > n, since, by Lemma 
5, if a > x we have 
T (a, p*) = p20 Pips (a, p=) = T (a, p**), 
so that each T (a, p*) with « > n is equal to some T (a, pf) with 
Bsn. 
Multiplying together the factors T (a, p*) for the various prime 
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power factors #* of q which do not exceed nê, we obtain 


| T(a,q)| Sn”, 
| S(a, q) | ng, 


LEMMA 7. If r 2 4n, and N 1s any integer, the congruence 
x +... + 4x," =N (mod %”) 
has a solution in which not all of x,,...,%, are divisible by p. 


Proof. It will be sufficient to prove the solubility of the con- 
gruence 
(5) x +... +x =N (mod $”) 
for some value of ¢ < 4n — 1, assuming that (N, p) = 1 and 
0<N< >”. For if N is divisible by p then N — 1 is not, and 
we can solve the congruence for N by adding a term 1” to a 
solution of the congruence for N — 1. 

If p = 2, then N < p= 27™*2? < 4n. The congruence (5) will 
be soluble with ¢ = N since, for example, it is possible to take 
X1,..+.,%, to be all 1. 

If p > 2, we let ¢ = ¢(N) be the least value of ¢ for which the 
congruence (5) is soluble. Let g be a primitive root (mod #7), 
and determine b by 


N = g? (mod #”). 
Let v be the least non-negative residue of b to the modulus 2, 
so that 0 Sv <n. Suppose N, is another number which gives 
the same value of v as N. Then 
N, = g = gH" (mod $”), 

so that 

N, = Nz" (mod #”), where z = g". 
Thus (5) is equivalent to 

(xiz) +... + (x)" = N, (mod p). 
It follows that (N) = (N3). 


We divide all values of N with 0 < N < #” and (N,p) = 1 
into classes, placing in the same class those with the same value 
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of ¢(N). As we have just seen, the number m of classes satisfies 
m <n. Take the least number from each such class, and denote 
these numbers, arranged in increasing order, by 


Np.. N 


Obviously N, = 1, since 1 is the least representative of its set, 
and is also the least positive integer. Here, since 1 = 1”, we 
have ?#(N,) = 1=2—1. We prove by induction that 
t(N;) S 27 —1 for 7 = 1, 2,...,m. Let this inequality be true 
for N,,...,N,. The number N,,,, is the least representative of 
its set, and moreover one of the numbers N,,, — 1, N,4, — 2 1s 
not divisible by #, and consequently belongs to one of the sets 
with the representatives N,,...,N,. Hence #(N,.,) < 2h—1+2 
=2(h+1)—1.Inparticular, wehavet(N,,) S2m—1S2nu—1<4n—l1 
and this proves the lemma for the case $ > 2. 


m° 


LEMMA 8. If the congruence 


y” =a (mod př) 
ts soluble with y not divisible by p, then for any integer s > y the 
congruence 

x” =a (mod $°) 
1s also soluble. 


Proof. There is always a non-negative integer b satisfying 
(6) a = yg? (mod $°). 
In particular, g? = 1 (mod #”); therefore b is a muitiple of 
p’-1(p —1), and since y Z t + 1 we can put b = p" (p — 1)),, 
where 0, is an integer. We can replace the exponent b in the 
congruence (6) by the new exponent 


b + kp =p — 1) = p7 (p — 1) (b; + kp), 


where k is any integer, without changing the significance of the 
congruence. Let n = pn, so that (na, p) = 1. The number k 
can be so chosen that b + kp*-!-* shall be a multiple of n. 
Then the new exponent takes the form p'n,h = nh, where h is 
an integer, and the congruence (6) becomes 
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yrgnt = a (mod #5). 
This proves the lemma. 
LEMMA 9. Suppose that s > y and r = 4n. Then 
M(p, N, r) => peeo, 


Proof. By Lemma 7, there exists an integer y, not divisible 
by $, and integers yə, ..., y, such that 


y* = N — y? — . .. — y,” (mod p”). 
If x, . . ., x, are any numbers congruent respectively to Ya, .. ., Yr 
(mod #”), the congruence 

x" = N — X% —...— %4,” (mod $°) 


is soluble, by Lemma 8. There are p°” choices for each x, to 
the modulus #%, whence the result. 


LEMMA 10. Let m be any positive integer. Then 


2 A(q, N, r) = m-"-) M(m, N,v). 
alm 


Proof. We have 


m—1 m-l m—1 
mM(m)= Lb Dd... 2% e(t" +...+ x," —N)). 

a=0 x,=0 zr=0 \M / 
by Lemma 5 of Chapter I. We collect together the terms for 
which (a, m) has the same value, and denote this value by m/q. 
For each particular q, these terms arise from values of a for which 
aļm = bjq and b runs through a reduced set of residues to the 
modulus g. Hence. 


m—1 m-l b 

mM(m)= 222... e(Ž (a +... +4,"—N)) 
alm b 2x,=0 xr =0 q 

m 

q 

=m" È A(g,N, 7). 


alm 


== z( 


alm b 


) (S, g))teg(— BN) 
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LEMMA 11. For r = 2n + 1 the two series G(N, r) and y(p, N, 7), 
defined by (3) and (4), are absolutely convergent, and moreover 


CN, 7) = II y(p, N, r), 


where p runs through all primes. 

Proof. The absolute convergence of the series ©(N,r) and 
y(p, N, 7) follows from Lemma 6. Further, for § > 2 we have, 
by Lemma 2, 

II p(p,N,7r)=T | 2 A (p, N,7) = X A(g,N,r) + E Alq, Nr), 
ps ps& | s=0 asé a>& 

where the last sum contains only such A(g, N, 7) as correspond 
to numbers g which are not divisible by any p > &. In view of 
the absolute convergence of G(N, 7), the last sum tends to zero 
as é— œ, and the preceding sum tends to O(N, r). 


LEMMA 12. For r = 4n we have 
©6(N,7r) > 1. 
Proof. By Lemmas 9 and 10, we have, for s > y, 
SA (q, N, r) > pe ae) = par, 


alps 
Taking the limit as s > œ, we obtain 
N 12 p 
Further, by Lemma 6, we have 


p(p, N, r)— 1 = > A(p’, N, r) < > p-m) < p, 
s=1 


$=] 
since 1 — ry < l — 4ny = — 3. Hence, for a sufficiently large 
c, we have, for any p 2c, 
y(i, N,r) > 1— p7”. 
Therefore, applying Lemma 11, we obtain 


6(N,r) = IL y(t, N, r) ID y(t, N, 7) 
> T pe-o TT (1p 


p<e pze 


>l. 
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NOTES ON CHAPTER II 


The work in this chapter is comparatively straightforward, and 
calls for little comment. The results are all due to Hardy and 
Littlewood, and were published in the fourth memoir of their 
series ‘‘On some problems of Partitio Numerorum” [Math. Zeit- 
schrift, 12 (1922), 161—188]. 

Hardy and Littlewood defined, for every prime p, a number 
Yp as the least positive integer y for which there exists a positive 
number k = h(n, p) such that p(p,N,7) 2h for all N and all 
ry =y. They then defined ['(n) as the greatest value of y, for 
all primes p. They proved that G(N, r) has a positive lower bound 
depending only on n provided that r = max (T(n), 4), and that 
I'(n) S 4n. 

They also proved that G(n) > I(n). This inequality is often 
more precise than the well known inequality G(n) =n+1 
proved in the Introduction to this book. 

In a later paper, the eighth of the series [Proc. London Math. 
Soc. (2), 28 (1928), 518—542], Hardy and Littlewood proved a 
result implicit in their earlier work, namely that T(n) is (except 
when n = 4) the least number 7 such that every arithmetical 
progression contains an infinity of numbers which are sums of 
at most 7 positive integral nth powers. They also evaluated I(x) 
for many values of n. Nevertheless the behaviour of ['(n) for 
large n is still to a considerable extent unknown. 


CHAPTER III 


The Contribution of the Basic Intervals 
in Waring’s Problem 


Let N, be a large positive integer, and let W(N,) denote the 
number of representations of Nọ in the form 
(1) No=wyr"t...+%,", 
where x, ..., x, are positive integers. We can represent W(N,) 
by a definite integral, extended over an interval of length 1, as 
in (2) below. The object of the present chapter is to investigate 
the contribution to this integral of the basic intervals, defined 
below. We obtain in Lemma 4 an asymptotic expression for this 
contribution, which will be used in the later Chapters (IV and 
VII) which deal with Waring’s Problem. The ideas underlying 
the investigation are due to Hardy and Littlewood. 


Notation in this chapter. We suppose n = 3, and we denote 
by y a fixed integer satisfying y = 2n + 1. 

Let N be a sufficiently large positive integer, and let Ng be 
any positive integer not exceeding N. 

Let P = [N”], where v = 1/n as always. We observe that the 
positive integers x; in any representation of Nọ in the form (1) 
necessarily satisfy x, < P. Define t by 


a 
Let p be any fixed number satisfying 
Fapa lsn 
By Lemma 4 of Chapter I we can express the number W (N9) 


of representations of Ny in the form (1) by the following integral: 
1-1/T 


(2) W (No) =| (L («))"e (— Noa) da, 


—1/Tt 


dd 
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where 


P 
L(a) = È e(ax”). 


x=1 
For any integers a, g satisfying 
(ag)=1,0Sa<g,0<¢< PP 


we define a basic interval consisting of the real numbers « given by 
a l 
x = — + z, where |z] <—. 
q qt 


It is easily seen that two basic intervals which correspond to 
different pairs of values of a and g do not overlap. For if a, q 
and a, qı are two different pairs, we have 
l l l 
= e ee R, 
7 Mı qa © QT 
since t > P1 > P>q+q 

The intervals which remain after the removal from the inter- 
val — l/t S «a S1—1/r of all the basic intervals will be called 
the supplementary intervals. 

We denote by W*(N,) the contribution of all the basic intervals 
to the integral (2) for W(N,). Thus 


ae 








W*(N,) = = E ue (z (= + ‘\)e -E +2) No) dz 


(3) axPh a” —ijat q 


a 2 py W* (No, a, q), say. 
acp a 


LEMMA 1. If « belongs to the basic interval corresponding to a, q, 


and a = = + z, then 
q 


(4) (Lla) = (¢-3S(a, gI) + O(g-t{min(P, | z |) >), 
where 


S(a, q) = > e,(ax"), I(z) = [ elexrax. 


a=] 0 


pa 
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Proof. We make the change of variable x = qt + s in the sum 
L(a), where s takes the values 0, ..., q — 1, and for given s the 
variable ¢ runs through the integers of the interval 
(5) — sq <t<(P—s)q7. 

We obtain 


as” 


L(a) = T p> e| + 2(gt + s)") -F e,(as”)D,(z), 


s=0 q s=0 
where 


D, (2) = E e(e(gt + s)"). 


t 


The function f(t) = |z |(qgt + s)” satisfies the conditions of 
Lemma 13 of Chapter I in the interval (5), since f” (t) > 0 and 


0 < P'U) S nel gP" < npr = g, 


Hence, allowing for the fact that the endpoints of the interval 
(5) are not necessarily integers, we obtain 


(P—s)/a ; 
D,(z) =Í e(z(qt + s)")dt + 40 


~s/q 
= qH (z) + 46. 
Thus 
(6) L(x) = g*S(a, qI (2) + 46’¢. 


By Lemma 14a of Chapter I and Lemma 6 of Chapter IT we 
have 


qS (a, q)l(z) &« q” min (P, | z |7). 
The estimate on the right here is larger than the estimate of 
error in (6), ignoring the factor 4, since 


and 
| z g” > qt? > P-D — pI > q. 


Hence, raising the equation (6) to the power 7, we obtain 


(Z (x))" = (=S (4, gI (2))" +- Og" (min(P, | 2 |-”))"4g). 
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The exponent of q on the right is —»(ry—1) +15 —2vn + 1 = — 1 
whence the result (4). 


, 


LEMMA 2. The contribution W*(No, a, q) of a single basic inter- 
val satisfies 


(7) W*(No, a, 9) = (>S (a, g))’R(No)eg(— aNo) + O (gP), 


where 
(8) R(N5) ay (I (z))"e(— zNg)dz. 


Proof. By (3) and Lemma 1, we have 


1/at 


W No a =le | eyed -E +2) No) ae 


—1 jat 
+ 0 of (min(P z-”))\"-ldz . 
0 


The last error term is 


po" o0 
O | | P'-idz + | eon = Olg prn, 
0 p" 


If we extend the interval of integration from —1/gtSzS1/qt 
to the whole interval from — œ to œ, we obtain (7). The error 
introduced in this operation is 


O (a | ax) 
Liat 


= O(¢-" O Pr), 
whence the result, since 1 — vr < — 1. 
LEMMA 3. The integral R(N,), defined by (8), satisfies 


== (ra Ei v))” AT rv— r-n-y 
(9) R(No) = iy Noe te OC Pe), 
provided Ny = 4N. 


Proof. Let N, be a positive integer less than Ny. Then 
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R(N,) — R(Nj) =e (I(z))"(e(— zN) — e(— zN,))dz 


<f (min(P, Z-"))" (No — N,)zdz < (Ny — N,)P-". 
0 

We apply Lemma 2 with N, in place of Nọ, in the special 
case a = 0, q = 1. This gives 


W*(N,, 0, 1) = R(N,) + O(P™-*-4). 
Using the result just proved, and assuming that N,»—N,=O(P"”), 
we have 

W*(N 0, 1) = R(N,) + O(P'-"—”). 
Since W*(N,, 0, 1) is the contribution of the interval —l/t Sa <1/t 
to the integral for W(N,), this implies 


1- "L 
W(N, No) +f )\"e(—aN,)da + O(P”). 
1/t 
We take Ni = No —N’ — N”, and let N’ and N” assume the 
values 1,..., M, where M = [P*"-”]. Summing over N’ and N”, 
and applying Lemma 6 of Chapter I in the summation over N’ 
and N” in the integral on the right, we obtain 


M M 
= È W(N,—N’—N") 


N’=1 N”=1 
1-1/T 

= M?R(N,) + of f PY \jal|-2da ) + O(M2Pr"”) 
1/t 


= M?R(N,) + O(M?P""”), 
since 
Pt = OCP) _ O(M2prn tr) Za O(M?P"-"-”). 


The sum over N’ and N” represents the number of representa- 
tions of Ny as N'N” +x” t... +". Hence, summing 
over N”, the value of the sum, in the notation of Lemma 3 of 
Chapter I, is 

M 


py (KNN ETK N =N eM ee 1)). 


N’=1 
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We note that Nj —N’—-M—12N,—2M—1> 0. Hence 
the last expression is 


ACE) 


Pl + rv) 


since O(MN,”~-”) = O(M8N,”-?). Substituting this in the previous 
result, and dividing by M?, we obtain (9). 





M?2N, + O(M3N,”"*), 


LEMMA 4. The contribution W*(N,) of all the basic intervals 
to the integral (2) for W(N,) ts given by 
(10) W*(No) = CC yra 2 Alg, No r) + O(P™™”), 
L(rv) a< PP 
provided Ny = 4N. 
Proof. By (3) and Lemmas 2 and 3, we have 


W*(N,) =  L W*(N4, a, q) 


axPfa 
= E E (qS(a, q))'RWo)eq(—aMy) + O( EE gP) 
qsP" a a<PB a 
UUA a 
= y NO E AG Nor) 
ee O( > DOE a Cha SE gP e: 
asPĒ a 


For each q there are at most g values for a, and the result follows 
on noting that 
>, qitrpr=n=” = O( Per), 
a < PÊ 
>) pr-r-1 — O(P"-”-1+8) 2 O(P»), 


q< PB 
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NOTES ON CHAPTER III 


This chapter has been rewritten, mainly in order to separate 
the different arguments used and so assist those readers to whom 
they may be unfamiliar. 

The basic intervals of Vinogradov correspond in principle to 
Hardy and Littlewood’s “major arcs”. Hardy and Littlewood 
dissected the circle x = e?”% or rather a smaller concentric 
circle, into ‘‘Farey arcs” as follows. Consider all fractions a/q 
with (a, g) =1, 0Sa<q, 0<q St, arranged in increasing 
order. If a,/qg, and a,/g, are the neighbouring fractions to a/q 
on the left and on the right, the Farey arc surrounding @/q is 
defined by 








As ee oe 

q+ Ir 
It is easily proved that the length of each part of this interval, 
to the left and to the right of a/q, lies between 4(gr)-! and (gr) 
(see, for example, Hardy and Wright, § 3.8). 

Hardy and Littlewood took t to be P*-!, which is practically 
the same as Vinogradov’s definition. They called a Farey arc a major 
or minor arc according as it arises from a fraction a/q with q S P 
or withg > P. The classification was varied in different ways by 
later workers on Waring’s Problem, and the exact demarcation 
is not usually of vital importance. 

The major arcs, or basic intervals, provide the main term in 
the asymptotic formula for the number of representations. Their 
treatment does not give rise to any very serious difficulties com- 
pared with the problems presented by the minor arcs, or sup- 
plementary intervals. The asymptotic formula (10) for the contri- 
bution of the basic intervals is valid for y = 2” + 1, as we have 
seen in this chapter, and a better error term could be found if 
anything were to be gained by doing so. 

The device used in the proof of Lemma 3 in order to deal with 
the integral R(N,) in (8) is by no means essential, but enables 
one to avoid some rather elaborate calculations. For a direct 
treatment, see Landau, Math. Zeitschrift, 31 (1929), 319—338. 


CHAPTER IV 
An Estimate for G(n) in Waring’s Problem 


The object of the present chapter is to establish a certain 
estimate for the number G(m) in Waring’s Problem. As explained 
in the Introduction, Waring’s Problem is the problem of deter- 
mining, for each positive integer n = 3, a number r such that 
every positive integer N can be represented in the form 


(1) DNS Se hala" 


with non-negative integers %,,...,x,. The more fundamental problem 
is that of representing not every N but every sufficiently large N, 
that is, every N exceeding some number depending on n. We 
denote by G(m) the least value of 7 with the property that every 
sufficiently large positive integer is representable in the form (1). 
The result of this chapter will be that 


(2) G(n) < n(3 logn + 11). 


The method used for the proof is one that can be applied to more 
general questions, for example that of representing a large integer 
N by a sum of values of a polynomial. But we shall not consider 
such questions here. 

The number of representations of N in the form (1) can be 
expressed by a definite integral, as in Hardy and Littlewood’s 
solution of Waring’s Problem. The essential idea for the proof 
of (2) hes in the introduction into this integral of two factors, 
S(x) and Q(«), which enable one to estimate the contribution of 
the supplementary intervals more effectively than was hitherto 
possible. The construction of these factors is carried out by 
imposing restrictions of a special kind on some of the x’s in a 
representation such as (1). 


62 


CHAPTER IV 63 


Notation in this chapter. We suppose n = 3, and retain most 
of the notation of Chapter III. Thus N is arbitrarily large, 
P= [N”], and t = 2n P”-1. We retain the same division of the 
interval —1/t Sa S l1 — l/t into basic and supplementary 
intervals, but specialize the number f determining the classifica- 
tion by taking B = 4. We take 7 = 4n, so that we can appeal 
to the results of Chapter II. 

LEMMA 1. Let 


(3) Pi, = [(4P], Pp = BE er Pe= [Pa]. 
Let £, for s=1,...,k, run through the integers of the interval 
POs oe OP. 


Then, for fixed k and sufficiently large P, the numbers 
“u=&"+...+ E” 
are all distinct, and all lie between (£P)" and (4P)". 
Proof. We note first that the definition (3) ensures that 
(2P) "SP, Plainly u = 6," = Py" > GP)*. Also 
u < (2P,— 1)" + (2P,—1)"+...+ (2P,— 1)" 
< (2P,—1)*°+ Py t+... + Py" 
< (2P; — 1)" + 2P" < (2P))" S (3P)", 
provided P is sufficiently large. 
Now suppose that 
E e Pesa k S A Fars t Are 
where the »’s satisfy the same inequalities as the ’s. Suppose 
E, Æ Np’ say yn, > £. Then 
Wh 6" a Pee 
But 
n,” banat a > ne = HPS 
and, by the argument used above, 


Eat aaa 4 E" < (2P.)" S Pa 
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This contradiction proves that é = ņ, Obviously a similar 
argument proves that £ = Nə and so on. 

Further notation. Let u run through the integers defined in 
Lemma 1, and let 


(4) S(x) = È e(au). 


The number U of these integers u is given by 
USP Pasar Pi 
and obviously U is a trivial upper bound for S(«). We have 
U `œ PHa- HITE 
The exponent here is 
1 — (1 — v)” 
l= 
We choose k to be the least integer for which 


== n(1 — (1 —v)*). 


1 
n(1—v)* < zy, 


so that 
(5) U> P’, 
The explicit value of k is 
log 12n 
(6) k= | a), 
— log (1 — v) 


Let P, = [P?#]. Define a set of integers u in the same way as 
the integers u, but with P, in place of P and kọ in place of k. 
These integers all lie between (ŁP,)” and ($P,)", and their 
number U, satisfies 


a oP id a a 
We choose kọ to be the least integer for which 
n(l — r) < 4, 
and have 


(7) Uy >> Pei, 
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The explicit value of kọ is 

log 6n l 
: T L 
8) : Spe io), 


Let v run through the primes in the interval 4P) Sv S Py, 
and let V be the number of these primes. We have 


(9) V > P,/log Py >> P-E. 
Define O(a) by 
(10) O(a) = È Le(av™u). 


The trivial upper bound for Q(a«) is VU» 
LEMMA 2. If « belongs to any supplementary interval, then 


QO (a) < Uot Pantie, 


Proof. By Lemma 7 of Chapter I, each « can be represented as 
pe where (ag) = 1, xg aP tzl ag te, 
q 


The fact that « does not belong to any basic interval means 
that if g < Pt then |z| 2g rt. 
Case 1. Suppose that q < Pt. We have 


(11) rt <Sqlz[< Py 


Put v = qt + s, where ¢, s are integers and 0 S s <q. We have 


e(av" Uy) = ef + z(qt + s)| == e(u®,(t)), say. 


Define (x) to be 1 if x is one of the numbers uo, and 0 otherwise. 
Define 7,(¢) to be 1 if gt + s is one of the numbers v, and 0 other- 
wise. Then 

q—l 

Q(a) = 4d 2 5(x) s(t) e(*P,(8)), 

s=0 x 
where the summations are over (¢Py))" < x < (4P))", 
(2Po — $s) StS (Po —s)q. 
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We apply Lemma 10c of Chapter I to the sum over x and #. 
We have . 
D(t + 1) —@,(¢) = ngz(gt + q9 + $)", 


and the absolute value of this lies between 1/A and 2"-1/A, 
where 1/A = ng |z| (4P) t. By (11), noting that t « P"™" 
< Pë”, we have Po <A <P," 1. The hypothesis A 22822 
of the lemma is satisfied, since B = 2”-1 here. In the notation 
of the lemma, 


KPO Y = Poh Ag CE Ved, Ya 
In the conclusion, we can omit the term YfA7™!, since 
YBA-! « (Pog) Pot <1. Hence, for each s, 
Ud E(x). (e(z, (t) < (Xo¥1(X + A))* 
E < (Uo Poq >P"). 
Thus 
Q (a) « (Ug P") < (Uo Ptt), 


Case 2. Suppose that Pł < q S Pa. If v” =y (mod q), we 
have 


where 
y(v) = qzu" <gigP,") Pr = 1. 


Let o(y) denote the number of primes v with 4P, Sv < Po 
which satisfy v” = y (mod q), and enumerate these primes (if 
there are any) as v,(y), . . -, Uy (y). Since v is restricted to prime 
values, we have (v, g) = 1 except when v is a factor of g. The 
number of solutions of x” = y (mod q), 0 Sx < q is O(¢°) when 
(v,q) = 1, and the number of factors of q is O(9°). Hence 


ely) < (Pog* + Ue. 


Let o be the greatest value of o(y), and define 7;(y) to be 
l if 7 < e(y) and 0 otherwise. Then 
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q—1 oe(y) 


e 


Q (a) 


iM 


rear 


(x) ¢ (= (ay + v(0s(0)))] 
e(e)mbv)e(—(ay + v0); 


=0 


p> 


Q 
A 
| 
ar 


z 
3 


0 


j=1 Y 


where y,(v) = y(v;(y)). The meaning of (x) and the interval 
of summation for x are the same as in Case 1. 
We apply Lemma 10b of Chapter I to the sum over x and y. 
In the notation of that lemma, we have 
KL Te VY 9) Ay Ky SU S 

Also 

q—1 

Y, = È n;(y) S min (Py, 9). 
y=0 


Hence, for each 7, 


E E ete)nsv)e(~ (ay + v0))) < (Uo min (Po, g) Port 


Thus 
Q(a) < @(Uy min (Po, 7) Po")? 
K (Pog? + 1)9°(Up min (Po, 9) Po”)? 
Lg (UP (Pr + Po))* K Po” (Ug Pa 
THEOREM. G(n) < n(3 log” + 11). 
Proof. Let I(N) denote the number of representations of N as 
Myr te. tw tutu + Uy, 


where u’ satisfies the same conditions as u. Then (N) is the 
number of representations of N as a sum of r + 2k + ky nth 
powers of positive integers satisfying certain conditions. We shall 
prove that J(N) > 0 for all sufficiently large N, from which it 
will follow that 

G(n) Sr + 2k + ko 


Here r = 4n, and k and kọ are given by (6) and (8). On noting 
that 


68 METHOD OF TRIGONOMETRICAL SUMS 


@—)+E 1 


m=} —} a] 











— log (1 — v) = log 


we obtain 
G(n) < 4n + 4 + (n — 4) (2log 12n + log 6n) 
= 4n + 4 + (n— 4) (3 logn + 6.7...) 
< n(3 logn + 11), 


since 2 log 12 + log 6 = 6.7... 
For the proof that I(N) > 0 we start from the expression 


1—1 /T 

I(N) = f ; (L (a))” O(a) (S(«))2e(— Na) da. 
—1/T 

Consider first the contribution [**(N) which the supplementary 


intervals make to this integral. By Lemma 2 and the trivial 
estimate | L(a) | < P, we have 


1 
I**(N) < P'U, Pi tite | | S(x) |2da. 
0 


By Lemma 1 the numbers u in the definition of S(«) are distinct; 
hence 


f Sla) da =U. 
Thus l 
I**(N) < UU Gt Prtttste, 
This implies 
` (12) I** (N) < VU,U?P"-"-#?, 
since 
VU U > Pirtita”-E 


by (5), (7) and (9). 
Now consider the contribution /*(N) which the basic intervals 
make to the integral for I(N). This can be expressed as 


I*(N) = S W*(N,), 
Ny 


where No = N — vu, — u — uw’, and summation is over all the 
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values of v, to u, u’. Here W*(N,) has the meaning of Chapter 
III, and by Lemma 4 of that Chapter we have 
I*(N)=C,2N,%' dX Alg, Np OVU, UP), 
No 0<qgSP 


where C,, is a positive number depending only on n. Further, 


by Lemma 6 of Chapter II, on noting that 1 — rv = — 3, we have 
ÈE All, Nur) < E q> <PH. 
q>P q>P 
Hence 
(13) I*(N) = C, Ng?" G(N,, 7) + O(VU, U*P-"-”), 
No 


The number of numbers N, is VU,U?, and each of them is 

> N — P (4P,)" — GP) — GP) >> Pr, 
Further, by Lemma 12 of Chapter II we have ©(N,j, 7) > 1. 
Hence the first term on the right of (13) is > VU ,U?P"-”. It 


now follows from (12) and (13) that (N) > 0 for sufficiently 
large N. 


NOTES ON CHAPTER IV 


This chapter has been expanded somewhat compared with the 
original. The expansion was most necessary in the proof of 
Case 2 of Lemma 2. The original proof is exceedingly concise, 
and is formulated without the variable 7, as if y(v) were a function 
of y. 

The reader who is not familiar with work on Waring’s Problem 
may find the following considerations helpful. We are representing 
a large number N as a sum of nth powers, some of which are 
restricted in various ways. The number of sets of values over 
which all the variables in the representation can range is P'VU,U?. 
It follows from the work of Chapter III that the contribution of 
the basic intervals to the integral for the number of representations 
is expressible by an asymptotic formula if y 2 4n; and for this 
it is immaterial what restrictions are imposed on the variables 
other than 4%,,...,x, The main term in the asymptotic ex- 
pression is of the order VU,U?P"-". Hence, in order that the 
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method shall succeed, it is necessary to have an estimate for the 
contribution of the supplementary intervals which ‘‘saves’’ more 
than P” in comparison with the trivial estimate. In the present 
treatment, this saving comes from two sources. In the first place, 
the use of the identity Í IS (a)|?dx = U saves an amount U, 


which with the present choice of k is about P”-%. This accounts 


for all but Pū of what is needed, but nevertheless a new idea is 
required to save this small additional amount without introducing 
too many further n th powers. The additional saving is effected 
by the use of O(a). The estimate obtained for Q(«) in Lemma 2 
is essentially 


Ptr-H + hntd 
as compared with the trivial estimate VU,4, which is about 
Pit+in-B0-), 


Thus a saving is effected of about Pi + x”. 

There was an earlier form of the method, given by Vinogradov 
in 1934, which led to the result G(n) < 6n log n + O(n). This 
already contained two factors corresponding to S(«) and Q(a), 
but the treatment of Q(«) was not quite so effective. 

For results on G(m) for individual small values ofn, see G. L. 
Watson, J. London Math. Soc., 26 (1951), 153—156 [a simple 
proof that G(3) < 7]; H. Davenport, Annals of Math., 40 (1939), 
731—747 [proof that G(4) = 16 and that a modified number 
G* (n) satisfies G* (4) < 14]; H. Davenport, American J. of Math., 
64 (1942), 199—207 [proof that G(5) S 23 and G(6) < 36). 

Lemma 1, which is the essential basis for the use of S(a), is 
due to Hardy and Littlewood. It is practically the same as the 
special case of Lemma 15 of Chapter I which was discussed in the 
Notes on that Chapter. However, Hardy and Littlewood did not 
themselves use the exponential sum S(«). They used the lemma 
in their estimation of G (n), which is defined as the least y for 
which the numbers not representable by 7 nth powers have zero 
density. This enabled them to improve their previous estimate 
for G(n), but the improvement was not significant for large n. 


CHAPTER V 


Approximation by the Fractional Parts of the 
Values of a Polynomial 


Let 
f(x) = a,x" +... +a,” +4," 
be a polynomial with real coefficients, where h,...,7,” are 
‘positive integers in increasing order. In the present chapter my 
methods are applied to the problem of finding integers z such 
that the fractional part of f(z) approximates to a given real 
number A. The result will be expressed in terms of a rational 
approximation a/g to a particular coefficient a, of f(x). We shall 
determine an exponent 0 = o(h,...,”) such that, provided q is 
sufficiently large, there always exist integers z and v satisfying 


| f(z) —v—A| <q and 0 <z < q. 


It would be possible to treat in a similar way certain more general 
questions, for example that which arises when f(x) is replaced 
by a function which is not a polynomial but which is in certain 
respects similar to a polynomial. 

Notation in this chapter. We denote by g the number of the 
exponents h,...,7, and by D their sum, so that 


D=h+4+... +1 +a. 
We shall suppose that n = 5. We put v = l/n as always, and 


A= l/l, 
where / (as already stated) is a particular one of h,..., n. 
Suppose that 
a 0 
a, = — + — where (a, q) =1 and q > co(n), 
7 q 


where co(n) will be determined later. 
71 
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Let c,,...,¢, be constants satisfying 
Gt eather 
OS Cpe ake SS, # 0. 
| a are ti 
Let 
(1) p = [q*) and p, = [p0] for t=1,...8, 
where k will be chosen later and is bounded in terms of n. Let 
(2) Xis = [Pees], E = [6°] 
LOL 6 laea k and 6 1 cee 
LEMMA 1. Let the numbers m, ,, wheret=1,...,Rands=1,...,g 


Let x,, denote a variable which assumes all integral values in the 
interval 


(3) Ny Sp pS Meg Se 


Let U,,, fort=1,...,R andr=h,...,4,, denote the functions 
of these variables defined by 


be integers satisfying 0 < M, , S M, where M is a positive integer. 


(4) Uir = Me Xe Foo Meg Xt,9"- 

Let U,, forr=h,...,7,n be defined by 

(5) UU + -oo H Un, 

For any particular values of Mia,- - -Mp g, let plZq,-- +) Za) 
denote the number of sets of values of the x's for which 

(6) Ue aeee ee 


Then if q (and therefore p) is sufficiently large, we have 


MI (pi... Pa”? 
(7) Plien) X< ail a = @, say. 
M114-++My g 
Proof. We obtain the result by an appeal to Lemma 15 of 
Chapter I. The hypotheses of that lemma are satisfied, and it 


follows that 
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(8) P(n -n Zn) KD... D,, 


where ®, (for £= 1,..., k) denotes an upper bound for the 
number of sets of values of the x’s for which 


(9) Ui n aa U na 
lie in any given intervals whose lengths are respectively 
(10) Mp, ..., Mpe”. 


It remains only to estimate ®,. We do this by first estimating 
the number ®; of sets of values of the x’s for which the numbers 
(9) le in any given intervals whose lengths are respectively 


(11) Mp}, ..., Mpp- 


These intervals are shorter than the corresponding intervals just 
mentioned, except for the last, which is of the same length. 

Since we are now concerned only with a single value of ¢ we 
can omit the suffix ¢ from the variables x and m for the time 
being. Let x,,...,%, and x, + ¢,,...,%, + ¢, be two sets of the 
variables for which the numbers (9) lie in intervals of the lengths 
(11). Then 


my( (xı T a” — x,") F ee eee ir m| (x, ci a vis %4”) = 6,Mp,", 


tig (a + i)” — a") 4... + ttyl (Xp + Sp)" — 25") = OaM p. 
Here 
(xs + Ès)" — x," = AC, (x, + 0)’ 
m hE (Ptc) Bn, s> say, 
and similarly with the other exponents in place of 4, where, in 
view of (1), (2) and (3), the numbers £,4,..., By, will be ar- 


bitrarily near to 1 if f is sufficiently large. The system of equations 
now takes the form 


mic! Baii bee + MoC! Bn oSg = Onr Mh, 


mici” Pn, oy ay ress se ae Mata" B aaco T 0, Mn. 
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Regarding these as g linear equations for the g unknowns 








m,C1,...,,0,, we obtain 
M, K M tors=1,...,g. 
Hence the number of possibilities for ¢,,..., Č, is 
Me 
< 
Mi. -My 


Restoring the suffix ¢, we therefore have 


M9 
(12) G eee 
Mi ı wee Mit g 


To deduce an estimate for ®, we have merely to split up the 
intervals of the lengths (10) into intervals whose lengths do not 
exceed those specified in (11). We obtain 


(13) D, << per = pp PO; < pf" D. 
The result (7) now follows from (8), (12) and (13). 
Lemma 2. Let T=T(m,1,...M,,,) denote the sum 


(14) T =X | Xye(a,y"U, +... + a,y"U,) |, 
y=1 


where Xo denotes a sum extended over all integers x1 4,..., Xe. 
satisfying (3), and U,,...,U,, are defined by (4) and (5). Then 


g(k+1) —DV+gE pD-1\ 4 
(15) T pa( 4 ere E) , 
M4 gasii Mk g 
where 
(16) Z = (é,...&,)% 


Proof. We note first that £ is the number of possibilities for 
all the variables %,4,...,%,, by (8); so that p& is the trivial 
upper bound for T. 

It follows from (14), by Cauchy’s inequality, that 


PS p XL, De (aay(On’ — Up) +... + ayn —U,)), 
y=l1 
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where 2,’ denotes a summation similar to 2 extended over 
variables x’, and U,',..., U, are similarly defined in terms of 
these variables. We can write the last inequality as 


Pp 
(17) T SE D... y(u... u,)ela,y"s, +... + apy Un) 
y=l up Un 
where y(u», ..., 4,) denotes the number of sets x and x’ for which 
Ue =. U, = Un; ee ky ome T U, a Up 
In terms of the function y(z,,...,2,) of Lemma 1, we have 


Yllin -r Ug) = a D Yla os or Sy) P (Zn F Uns o 0s Za F Uy). 


Zh Zn 


Obviously 


Ra 


erra V eda ee = 


2h Zn 


) 


hence, by Lemma 1, 


(Uy, -n Un) L ED. 

Also 

EEO Ys es) E 

uh Un 
hence 
(18) D... È lUn . 0 Up) K BPO. 

Un Un 

We note also that since U, « Mp",...,.U, K Mp” by (2), (3), 
(4), (5), the function y(u,,..., 4,) must vanish outside a region 
of the form 
(19) | un | SCM MD ..., | tp | S Mp". 


Applying Cauchy’s inequality to (17), and using (18), we 
obtain 
2 


| p 
Tt K PEOL... D] ÈE elary tn +... H apyun) 


uh Un | y=l 
= pOL... D | S(r... Un) ls 
uh Un 


say, where the summation for u,,..., Up is over the region (19). 
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We now use a device which was first introduced in the proof of 
Lemma 10b of Chapter I. Let u; be a variable running through 
the integers of the interval | u; | < 2c® Mp. For any integer 
u in the same interval of (19) as u, the number of solutions of 
u + u, = u is at least cM". Hence 


(Uy, . o ey Ur -} U1, eo > ey Un) 
up, uy’ uy Un 


Nee ?s. ey...sls 








We now interchange the order of summation. ‘Let &, denote 
summation over all the variables 4,,..., 4, other than u, Such 
a summation comprises < M914?" terms. Then 








me ts Sy, 
Mp' ¥yj=1 y=1 | uy uz’ 


(y — y’) (uy! + )| 


2 


2a 3@D p p 
<? Me pare 2L 2 | > e(a,(y" — y')u,) 


Mp’ y=ly=1! uy 








p l 
<EPMpP SS m in| an e 
ee Tage —y) IP 


by Lemma 6 of Chapter I. 

For a particular y,, the difference y,’ — y’ runs through certain 
integers in an interval of length #' < q. Hence we can replace 
the sum over y, and y by 


2l l 

pE min MP raa) 
where z runs through an interval of length q. Here 
az + 0qgtz 
B . 
We can now apply Lemma 8a (I) of Chapter I, with 

GG, ASS Ne = Mp 
It follows that the above sum over 2 is 

K Mp? + Mpg & Mp”. 


ice 


Finally, we obtain 
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T4 KL E3 PM 9-2pP 224 Map? 


1M! D 4 
T <&p (z ) 





Substituting for ® from (7) and noting that 
Sie 
by (16) and (2), we obtain the result stated. 


THEOREM. There exists co(n) with the following property. Let 
f(x) be a polynomial of the form under consideration, and let ajg 
be a rational approximation! to a, with q > cln). Then, for any 
real A, there exist integers z, v satisfying 


(20) ie —-v—Al <gq® O0<z< qi", 
where 

log D 
(21) 7 5 


-Angl (log D + 1) log (D log D + D) 

Proof. We take o to be any fixed positive number, and have to 
prove the result when ọ has the value given in (21). Let A = q, 
and define a, B by a + 44 = f — 44 =A. Let y(z) be the func- 
tion of Lemma 12 of Chapter I, where the positive integer 7, 
which we shall replace by R to avoid confusion, will be fixed later. 
Then y(z) = 0 except when z is congruent (mod 1) to a number 
in the interval A — A Sz SA + A. If we can prove that for 
sufficiently large g there exists a positive integer z < q?’ with 
w(f(z)) > 0, the conclusion will follow. 

By the lemma just referred to, we have 


p(z) =A + yl2), 


where 


yo(z) = È (Apn cos 2nmz + B,, sin 2xmz), 


m=1 


and the coefficients Am, Bm satisfy 
Am K Fim), By < F(m), 


where 


l in the sense defined at the beginning of the chapter. 
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Aifm <A, 
cn | A-km-® if m > A-}, 
provided R is bounded independently of q, as it will be. It will 
suffice to prove the existence of a positive integer z < g?/* for 
which yp,(f(z)) > —A. 


We consider the sums 


(22) Sily) = È poll (y%s,0)), 


where x, , runs through the integers indicated in (3). We observe 
that, for y = 1,..., 4, 


Vio SP tR ) <x pap er <P Sg. 


If yo(f(z)) < —A for all positive integers z < q?/', we should 
have 


S;,(y) S— 46, 


for £= 1,...,k ands=—1,...,g. 
Let 


(23) H=% 


y=1 


II If S,,() 


t=1 s=1 





Then we should have 

H Z PAM Ey eert, = pas. 
Our object is now to prove that the contrary is true, namely that 
(24) H < pa", 


for sufficiently large g. This will establish the Theorem. 
By (22) and the expansion of yọ we have 


S0) < È Flm,,)| E efm, 1t) 


m: ;=1 Tt s 
Hence, by (23), 
(25)H< D ... DY Fimi) set (Mep) T (my... Meg) 
m1751 My g=l 


where T is the sum of Lemma 2. Plainly & F(m) <1. 


m=1 
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Let M = [g@%**)], and let R = [(k + l)ge,-! + 1]. Then 
M > A and 
(MA) K (q~981)* et 


Hence 

(26) D Fim) < (MAJE « gte 

and a 

(27) Z Fimmti E Amt+ E Ami 
m=M msA-} m>A7} 


< At < AMÈ. 


The trivial estimate for T is #8, and it follows from (26) that 
the contribution to (25) of the terms for which any one of 
Mi 1,-.-,M,, exceeds M is 

KA pg *t Use Z pEA*Ig-, 
For any fixed value of ọ this is of lower order than the right 
hand side of (24). 

There remains the contribution of the sum over m,,,..., Mpg 

which do not exceed M. By Lemma 2 and (27), this is 


< pE ( Mem, pg) E Feni) 

K pEAM {MY (pi... pyr Hepp- 
It suffices now to choose k and ọ so that the expression in 
brackets tends to 0 as q —> œ. We have 

Pre pa D POON), M = [get], p = [f], 
so that the expression in brackets is < q*, where 
a = (4k + 1)go + (1—v»)DA—A+ e’, 
where g’ is arbitrarily small with e and e¢,. We require « to be 
negative, which will be the case (for sufficiently small e’) if 
o{(4k + 1)g}— A{l — (1 — v)*D} 

is negative. Thus we can take ọ to be any number less than 
A{1 — (1 — v)*D} 


(28) g(4k + 1) 
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We choose k to be the least integer for which 
D(1 ee 

— y Ae Hj 

log D +1 


or in other words 
p E (D log D + D) ie | 
— log(1 — v) 
Since — log(1 — v) > »/(1 — 4v), we have 
k < n(1 — 4) log (D logg D+ D) +1. 
The expression (28) is greater than 
log D 
Angl(log D + 1) ((1—})log(D log D + D) + $) 
Since D = 5, we have 
}log(D log D + D) => 4 log(5 log 5 + 5) = 4(2.56...) > 2. 


Hence the last expression is greater than the value of ọ in the 
theorem, and the condition is satisfied. 
An example. To illustrate the theorem, take 

f(x) = ax” + x42, 
where n 2 5 and « is real. Taking / = 1 and a, = 4/2, we can 
choose ajq to be any convergent to 1/2. Since the continued 
fraction for 4/2 has bounded partial quotients, we can find, for 
any large N, a convergent for which g < N? <q. ASD=n-+1 
and g = 2, the theorem tells us that if N is sufficiently large there 
exist integers z and v such that 

| az” + 24/2 — v — A | < Næ, Og <N, 
where 
log (n + 1) 


89 = R 
16n(log (n + 1) + 1} log ((w + 1) log (n + 1) +n + 1) 
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NOTES ON CHAPTER V 


This chapter has been considerably revised and expanded. The 
need for revision was greatest in the proof of what is now Lemma 
2; the account in the original is difficult to follow because of the 
numerous misprints and the extreme conciseness. 

The aim of this chapter, that of showing that the inequalities 
(20) are soluble, is achieved by showing that there is some integer 
z for which | y)(z) | < 4. To effect this it is enough to estimate 
a sum of products, such as H in (23). The main idea lies in 
the construction of H which is so designed as to lead to a type 
of exponential sum which can be effectively estimated. These 
sums, in accordance with the general principle of Vinogradov’s 
method, are of the type X Lie(awv), where one of the variables u, 
v arises from the variables x,, and the other from the variable y. 

The estimate obtained for ®, in the proof of Lemma 1 represents 
a result of a similar nature to Lemma 16 of Chapter I. The choice 
of the intervals (3) for the variables x,, ensures firstly that these 
variables, for fixed ¢ and s = l1,..., g, lie in ‘‘well-spaced inter- 
vals”, and secondly that the orders of magnitude of these variables 
diminish as ¢ takes the values 1,..., & in the manner required 
for Lemma 15 of Chapter I. The aim in this choice of intervals 
for the x,, is to ensure that U,,..., U,, defined by (4) and (5), 
are regularly distributed in the sense expressed by (7). 

This regularity of distribution is needed to estimate the sum 
on the right of (17), which is a generalized form of a sum of the 
type X Xe(auv). The regularity in question is conveniently ex- 
pressed by (18), and enables one to majorize 7* by a sum which 
actually is of the form È De(auv). 


CHAPTER VI 
Estimates for Weyl Sums 


In the present chapter my method is applied to prove two 
theorems which give estimates for sums of the form 
M+P 


aX e(f(x)). 


2=M+1 

The first theorem relates to the case when f(x) is a polynomial 
of degree n + 1, and the estimate obtained depends on a rational 
approximation to any one of the coefficients of the powers of x 
higher than the first in the polynomial f(x). The second theorem 
relates to the case when f(x) is a real function which, in the 
interval of summation, behaves in a certain sense like a polynomial 
of degree n. 

The same method can also be applied when v is not necessarily 
constant, but we do not consider this case here. 


Notation in this chapter. We suppose n = 11 and put 
h=n+2, b= [n+ 4]. 
We denote by k a fixed integer greater than n, and write 
o = (1l—»)*, 
We denote by 
f(x) =a, oti +... + aye 
a polynomial of degree n + 1 with real coefficients. 

Further notation. The following notation and terminology will 
be used in Lemmas 1 to 5 below. (Lemma 5 plays an important 
part in the proof of Theorems 1 and 2, and is of interest in itself.) 

For any real number R > 1 and any integer g we denote by 
L(R; g) any sum of the form 
(1) L(R; g) = È e(f(x)), 
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extended over all integers x in an interval 
(2) gR+R <xSgk R, 


where 0 < R’ < R” <= R. The precise values of R’ and R” 
in such a sum will not be important. The integer g will be called 
the indicator of the interval (2) or of the sum (1), relative to R. 

A product of b sums, each of the above type, with the same 
R but with various indicators g and various values of Rk’ and 
R”, can be written as a multiple sum: 


(3) L(R; 81) |- L(R; 82) = Z(R; 8p -o S) 

where 

(4) Z(R; gv -> 8o) = ae ieee i) 

the summation being extended over all integral points (%4, .. ., Xy) 
in the box in 6 dimensiona] space defined by 

(5) gR+R, <x% Sg RHR” a E 


We denote this box by B(R; gi, ..., &), and call g}, .. ., &ẹ the 
indicators of the box, relative to R. Such a box will be described 
as “a box of type B(R)”. 

If the sums on the left of (3) are all the same, the box defined 
by (5) is of a special kind, since g, R; and R,” are then in- 
dependent of the value of f. Such a special box will be called a 
diagonal box, since one of its diagonals is a segment of the line 
X% =... =% The symbol Bt will be reserved for diagonal 
boxes. 

A set of b integers g,,..., g, will be called a proper set if among 
them there exist n integers, every pair of which differ by at 
least 2. In the contrary case the set will be called improper. A 
box of type B(R) or a sum of type Z (R) will be said to be proper 
or improper according as its indicators constitute a proper or 
improper set of integers. The definition is relative to the number 
R, but this number will always be given explicitly in the descrip- 
tion of the type of the box or sum. 
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Finally, it will be convenient to use the notation 
A 
x T 
to denote a sum of <A terms typified by T. In writing an 
inequality of the form 


A c 
STAT, 
it will sometimes be tacitly assumed that the sum on the right is 


suitably chosen, in a manner which will be clear from the context. 
Thus we may write 


A AC 
DTSC, 
where C is a positive integer, meaning that the sum on the right 


is chosen to be the sum obtained from that on the left by 
repeating each term C times. 


LEMMA la. Let p = RH, where R> 1, H >l. Let Bi(p) be 
a diagonal box, and let x be an integer in the corresponding interval, 
so that (xo, . . ., xo) is a point in Bt (p). Let B(R) = B(R; g1,- ..,8») 
be any proper box contained in B* (p), and let Z (R) be the correspond- 
ing sum. Then 

| Z(R) P = 2 e(XU* +... + Xal n") 
Ui*, oo Uny" 

where 


l 
De, o = m {" (x) Jor r=1,.. n+l, 


and the summation 1s extended over a set S* of integral points 
(Už, ... . Un41*), not necessarily distinct, in n + 1 dimensional 
space. This set of points has the properties: 

(i) the coordinates of every point of S* satisfy 


UL bean Ug <p 
(ii) given any n intervals of lengths 
p” ae pee) 


the number of points of S* whose first n coordinates U,*,...,U,* 
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fall respectively into these intervals 1s 
<x R29 FEM(a-D) HFln—Y, 
Proof. As in (3), we have 
Z(R) = Z(R; 8; . -o g) = L(R; 81)... L(R; g). 


where 


L(R; g;) = È e(f(x;)), 


Ti 


summed over all integers x, in an interval of the form (5). In 
each sum L(R;g,;) we put x, = xa + v, Then 


L(R; g;) = È eff (xo + v;)) 


vi 


= Le(f(xo) + Xw +... + Xpt), 


"5 
where the summation is over all integers v, in the interval 
(6) —% TART R’ <u S—xy+ ek + R”, 
and where X,,..., X,,; are as defined in the enunciation. 


since g}, ..., gə iS a proper set of integers, we can suppose 
without loss of generality (on permuting the sums L(R; g,)) that 


(7) Bit ba bar Bar 1 hae Pac 1k 
We have 
[Z(R) P = |L(R; 2.) aside g.) l? 
p> CX Seok ot nani h 


|| 


Upee Voy 

where Vap- ~ Va run through the same intervals as v,,..., U, 
respectively, and where 

OF =v +... +0," S a S See ISSNa (7 Hl... at). 
Let S* denote the set of all integral points (U,*,...,U,4,*) 
in n + 1 dimensional space, arising from all sets of values of 
Vy,..-, Ug, Specified above. These points are not necessarily 
distinct; each point occurs as often as there are values of v4, . . ., Vay 


which give rise to it. The expression for | Z(R) |? is of the form 
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stated in the enunciation, and it remains to prove that the set 
S* has the properties (i) and (i). 

Since (%9,...,%9) is in Bt(p), and the box B(R) defined by 
(5) is contained in Bt (pf), all the intervals (6) for the variables 
v, are contained in the interval —# Sv, S p. Hence U,* & p" 
for y= 1,...,#-+ 1, and the property (i) holds. 

To prove (ii), we write 


U* = V,* + W,* for r= 1,...,%, 
where 


V,* =v" + anes + we W,* — U ag? F aos SO SS e es ə U5, 


By (6) and (7), the variables v,,..., v, run through the integers 
in n intervals, contained in the interval —# Sv; S p, such 
that every two intervals are separated by a gap of length = R. 
We now appeal to Lemma 16 of Chapter I. This asserts that the 


number of sets of values of v,,..., v, for which V,*,...,V,* fall 
into any n given intervals whose lengths are respectively 

pr” a pr) 
1S 


kK Hèm n-p-n, 


The number of possible values for each of V,a} <- s Ug 1S 
< R+1<« R. For each set of values vair . - - Va, the number 
of sets of values of v,,..., v, for which V,* + W,*,...,.V,*+W,* 
fall into given intervals of the specified lengths is as estimated 
above. The property (11) of the set S* now follows. 


LEMMA 1b. If R” < Ht™("-Dpi"-), then Lemma la remains 
true even tf the box B(R) is improper. 

Proof. The proof is the same as before, but instead of ap- 
pealing to Lemma 16 of Chapter I (which is no longer applicable) 
we take the trivial upper bound R?’ for the total number of points 
in the set S*. By the hypothesis of the present lemma, 


R?? gZ R-2 AIM aD pi- 


and the conclusion follows. 
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Remark. Lemma 1b is of course trivial, and is formulated 
merely for convenience of reference later. 


LemMMA 2. For H > 1 and any Ho, the number N(H) of im- 
proper sets of integers £1,..., g, satisfying 


H< g, S Hi + H (ie bere) 
can be estimated by 
(8) N(H) < H”. 

Proof. For any such set g,,..., g,, let G, be the least number 
in the set; G, the least number in the set which is greater than 
G, +1; G the least number in the set which is greater than 
G+ l; and so on. This defines a sequence G,, G,,..., ter- 
minating say at a number G,, which has the property that every 
number in the set is S Gma + 1. Since the set is improper, we must 
have m < n. 

There are at most [H] + 1 possibilities for each G, and therefore 
at most (H + 1)”—1 possibilities for G,,..., Gm. When G,,..., G,, 
are known, each g must have one of the values 


G, Gi + 1, G, Ga + 1, ..., Gm Gm + 1. 
These values number 2m < 2n — 2, and therefore the number 
of possible improper sets g4, ..., gẹ satisfying the given in- 
equalities is at most 
(H + 1)" (2n — 2)’, 

whence the result. 

‘LEMMA 3. Letn = 3 be an integer. Any diagonal box of type 
Bt (p) can be subdivided into boxes of types 

B(2-°p), B(2-8p),..., B(2-7**9), 
each of which is a proper box of its type, together with other boxes 
of the type 
B(2-"p), 

which may be improper. This can be done in such a way that the 
number B® of boxes of the type B(2-*p) satisfies 


(9) B xL Ze Or Se 2 oD, 
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Proof. A diagonal box of type Bt(p) is defined by b inequalities 
of the form 


sp +p <x; Sept pv (7 = 1,..., 5), 


where 0 < p' <p” <p. This can be subdivided into at most 
22 boxes of type B(2-24) by dividing each of the intervals 
gp <x; S (g + 1) into four equal parts. Each box will be of 
the form 


gj2-*p z3 b; = Xj = g,2-*p ie p” (7 = l; s AON b), 
where 
0 Sp; <p” S 2%, 


and each g, has one of the values 4g, 4g + 1, 4g + 2, 4g +4 3. 
Some of these boxes may be proper and some improper +); we 
denote the proper boxes by B’(2-*6) and the improper boxes by 
B” (2-79). 

We subdivide each of the improper boxes B” (2-74) into at 
most 2° boxes of type B(2-%4), and classify these as B’(2-3) 
and 6 (2-%f) according as they are proper or improper of their 
type. We continue the process until we have subdivided the 
improper boxes of type B’’(2-7+1p) into boxes of type B(2-"), 
some of which will be proper and some improper. 

We now have the situation described in the enunciation, and 
it remains only to prove the estimate (9). The indicators of the 
various boxes of type B(2-*+1)) are integers, each of which is 
one of the integers 2°-1g + g’, where g’ = 0,..., 2° +— 1. Hence, 
by Lemma 2 with H = 25-1, the number of improper boxes 
B” (2-1) is « 26-Ue-D For s—1 = 2,...,47—1, each 
such improper box is divided into a bounded number (S 2°) of 
boxes B’(2-*p) and B’’(2-*p). Hence the estimate (9) is valid 
for s = 3,...,7. Also the total number of boxes of type B(2-*p) 
is at most 27°, and therefore the estimate (9) is trivially true 
when s = 2. 


1) In point of fact, since n = 11, all boxes of type B(2-*p) will be improper 
for the first few values of s. 
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LEMMA 4. Let p, be an arbitrarily large positive integer, and let 


Pi = pee ne = [v logs Pi] 


for t= 1,2,.. k+ 1. Let L(p,) = L(p,; g) be any sum of the 
type (1). Then, for t= l,...,k we have 


C 


(10) N, M(t,s) 
KÈ LZR) PL pa) re, 
s=2 
where 
(11) M (t, s) ze Q—8(2b—2n)(k+h—t)42snp 20V(kth-t) 
and where 


(i) each sum of type Z(2-'p,) on the right of (10) ts extended over 
a box of type B(2-*p,) contained in the diagonal box of type B*(p,) 
corresponding to (L(p,))°; 

(ii) of S < n, the sum Z(2-*D,) is proper; 

(iii) the integer g implicit in the definition of each L(p,,4) on 
the right of (10) depends on s and on the particular term in the sum 
of < M (t, s) terms; 

(iv) the diagonal box of type B'(p,,,) corresponding to each 
(L(pe41))” on the right of (10) is contained in the diagonal box 
B'(p,) corresponding to (L(p,))°. 

Proof. For convenience of writing we put / = k + h—t and 
omit the suffix ¢ from y, in the proof. We regard (L(p,))° as a 
multiple sum over a diagonal box of type B'(p,), and we sub- 
divide this box in accordance with Lemma 3. Corresponding to 
this subdivision we have 

re eae ie 
(L (p)? = 2 2% Z(2-*p,), 
where the boxes for the sums Z2(2~°f,) are contained in the box 
Bt(p,) and are proper if s< n. Repeating the term correspon- 
ding to each box 2* times, we can write 


(L(p,))* < È 2 E | Z(2-*p,) |. 
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To the sum on the right we apply Lemma 2 of Chapter I, followed 
by Holder’s inequality. Thus 


|L (p) aes < $ (© |Z (2-sp,)|) 24D 


s=2 
N gn 

K È UAD- X; |Z (2-*p,) 204+) 
s=2 
n g2sn(t+1) 

<È E (Ze) Z2.) P. 
s=2 


Now consider an individual one of the sums Z(2-*f,). This 
factorizes, in accordance with (3), as 


Z(2-*p,) = L(2-*D,; g) . . . L(2-*D;; gs). 


By the inequality of the arithmetic and geometric means, 
P| 22») S (È LEs wl) 

whence, by Hölder’s inequality, 
Zp) * < E [LOB &) 


Each sum L(2-*$,; g;) on the right is extended over an interval 
of length < 2-*f,. We split up this interval into intervals of 
length <S pı, each of the form 


Ebai tp < S gPa + E”, 
where g takes certain consecutive integral values, and 
Sp <b" S bur 
The number of such intervals is at most 
2—pþ, 
Piri 





+2 = 2P + 2 Kp, 


since 
P aL DM ep 


Accordingly, each sum L(2-*,; g;) splits up into < 2-*f,” sums 
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each of which is of the type L(f,,,).. Applying Hölder’s in- 
equality, we obtain 
2-Sp,” 


Zap) |< E (LOE 2a. Ve pas 


(2-8 p,”) 2 
K Lh Lan 


Each L(p,,,) here is extended over an interval which is contained 
in one of the b intervals defining the box of type B(2-*d,) cor- 
responding to the sum Z(2-*f,) on the left. The latter box is 
contained in the original diagonal box Bt(p,). Hence the diagonal 
box of type Bt(f,,,) corresponding to each (L(p,,,))® is con- 
tained in the original diagonal box Bt(p,) corresponding to 


(L(p,))’. 


We now have 


N M(t,s) 
EO as ta ee em ie T D TIL rere lan 

s=2 
where 


M (t, s) = Denil eh (2 rep, pion! = Deh seep ey, 
This is the result asserted, and the statements (i), (ii), (iii), (iv) 
are obvious from the proof. 


LEMMA 5. Let p, be an arbitrarily large positive integer and let 
M+, 


T,= 2d e(f(x)), 


x=M+1 


where M is any integer. Let 


p= p = and N, = |v log, pI 


fort=1,..., R+1. Then 
nı Ne J 

(12) T E eo A AK pera, 
sı =2 S72 

where 


J= param (bi. Pa) 20h., 12h 2 (2n—2A(b—n)) (81+: +8), 
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and 


(13) Klisa s= A AA ee FA aa. 


TERETE JA 


l 
In the last formula, X, = Fi fO (xo), where xo 1s an integer which 
r! 


depends on the particular term K(s;,..., Sp) in question. The 
summation on the right of (13) is extended over the points (Xi... ., X%n44) 
of a set S of integral points, not necessarily distinct, in n + 1 
dimensional space. This set S depends on the particular 
K (si, . . . Sp) 1m question, but not on the coefficients of f(x). AU 
points of the set S satisfy 
(14) ki SE pieva | Magy | S hT; 
and for any given n integers 21,...,2,, the number of points 
(Xi, Xn41) Of S for which 

E aa ee ete 


is K yp where 
y= (py... Pa) EO+HD pp 12h Q( Rot g(t) t+), 
Proof. We can suppose that the sum T; is of the type L 
PP f yp : 


since it can always be split into two sums of this type. We apply 
Lemma 4 with ¢ = 1 to | L(p,) | 22+”, giving 


41 M(1, sı) 
Tipan E D |22)? |L (pa) Pr, 
$,=2 


Next we apply Lemma 4 with ¢ = 2 to each term |L(p,)|??@t?7-)) 
on the right, and continue this process, finishing with an ap- 
plication of Lemma 4 with ¿= k. The result can be expressed 
in the form 





nı Tjik M(s1,--+)8k) 
(15) (eee <p Smee D Alsi a2 as), 
$= s,=2 
where 
VIS ons oi pO) 8 VES) et MeS 
(16) 
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and 


(17) K (Sy ++ o Sa) = |Z (2D) IB. |Z (2g)? IL (aaa) 2. 


It is plain, from Lemma 4 and the above construction, that 

(i) if s; < n, the corresponding sum Z(2-**4,) occurring on the 
right of (17) is proper; 

(ii) if B'(p,,,) denotes the diagonal box corresponding to 
(L(Pyir))® in any K(s,..., Sp), then there exist diagonal boxes 
of types Bt(p,),..., B'(p,) such that, for t= 1,..., k, Bt(p,) 
contains both the diagonal box B'(p,,,) and the box B(2-*#,) 
corresponding to 2(2-*?,). 

For the rest of the proof (apart from a mere verification relating 


to M(s,,...,5,)) we shall be concerned with the form of one 
particular K(s,,..., S) in the sum on the right of (15). Thus 
we can think of s,,..., Są as fixed, and the Z’s and L(#,,,) as 


particular sums of the specified types. We take x, to be any 
integer in the interval of summation for the sum L(,,,). Then 


the point (%,..., Xo) is in the diagonal box Bt(p,,,), and hence 
is in the diagonal boxes B'(f,),..., B'(p,) mentioned in (ii) 
above. 


We first investigate an individual sum Z(2-*%,) in the fac- 
torization of K(s,,...,5,). Suppose first that s, < 7,, so that 
by (1) above the sum is a proper sum. We apply Lemma la to 
this sum, taking 


p= pu R= 2p, H=%, 


and x as just specified. The condition R > 1 is amply satisfied, 
since $; > pë = 2% > 2% as we saw in the proof of Lemma 4. 
It follows from Lemma la that 


| Z(2-%D,) |? 
(18) = 2 CRO a Teee a in") 
Ue. Utin 
the summation being extended over an n + 1 dimensional set 
of points S,*. This set of points is such that 
(a) the coordinates of every point of S,* satisfy 
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(19) Cis <S Prete Cpa” <P) 


(b) the number of points of S,* whose first coordinates fall 
respectively into any given intervals of lengths 


De coe œ) pee 
is «< ð, where 
Ð, ne Rn Himn- D pi) 
2 (2=p,) -n een stead) 
(20) = p PP-Hnt19Q(—2b+4n(n+1)) 5, 


Suppose next that s, = 7, By Lemma 1b, the same conclusions 
hold, provided we can verify that 


RK Hł”-D p- 


This condition, in the present application, is equivalent (since 
Se = N) to 


(2p) K (hjirop He 
OT 
p einen < QE n( M+) 


and so is satisfied since p,” < 2% by the definition of n, Thus an 
expression of the form (18), with (a) and (b) above, holds for 
every factor | Z(2-*,) |? in the factorization (17) of the particular 
K under consideration. 

We now turn to the last factor on the right of (17). We have 


(21) |L (r+) poh ee’ 22 Cl Mad” ae ig) na 


Yis. ee Vann 
where 
o Ta T T T 
rS eset Vin. ~ Ya ai Noh 
forr = 1,...,n + 1, and where y; = x; — x and x, runs through 


the interval of summation for L(f,,,). AS xọ is in this interval, 
it is plain that |v;| S ,,,. We can rewrite (21) as 


(22) |L (prn) = (XY +. + Xn Vania”), 


Y1” Y * 


the summation being over a set S* of points, not necessarily 
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distinct, in n + 1 dimensional space. The number of points in 
S* is < pp”, and each point satisfies 


(23) YK Peete a Sle 


Multiplying together the expressions found in (18) and (22) 
for all the factors on the right of (17), we obtain 


K Saa S) 
(24) = dy ee dy pa e(X4(U, + Y") 
Yi ee a 
oe ee T A aa Uei =f Yaa |) 
where 
(25) U;=U,,*+...+ U,,* for j=1,...,4+1, 


and È, denotes a summation for the point 

(U1 1*, Pe U, aa) 
over the set S,* mentioned after (18). It will be appreciated 
that the set S,* (for t = 1,..., k) depends on the value of s, 
as well as on #, but we regard s,,..., S as fixed for the present. 
The summation for Y,*,..., Y,4,* is over the set S*, as before. 
Now let S, denote the set of n dimensional points derived from 
the n + 1 dimensional set S,* by omitting the last coordinate 
of every point. It is understood that each point is counted as 
often as it arises, and therefore the number of points in S, is the 
same as the number in S,*. The statement (b) above gives an 
estimate for the number of points of S,in intervals of the prescribed 
lengths. We apply Lemma 15 of Chapter I to the sets S,,..., Sy 
taking the numbers h,..,/ to be 1,...,n — 1 without exception 
(so that g = n) and taking M = 1. It follows from (a) and (b) 
above that the hypotheses of that lemma are satisfied. Hence, 


for any n given integers 2,’,..., 2,’ the number of selections 
of points, one from each of the n + 1 dimensional sets S,*, ..., S,*, 
for which 


eS OE E 
is <@®, where 
Ø = P... Ø; 
®, being defined in (20). 
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Let S denote the + 1 dimensional set of points 


(Uy + Yi", o o Unga + Ynn”) 


where U,,...,U,,;, defined in (25), arise from every selection 
of points one from each of the sets S\*, ..., S,*, and Y,*,..., Y,,4* 
represents every point of the set S*. Then the expression (24) 
for K(s,,..., S) 18 an expression of the form (13), summed over 
points (%1,...,%n_4,) Of S. All points of S satisfy (14), by (19). 
(25), (23). The number of points of S satisfying 


De es 4 te i, 


for n given integers 2,,...,2, 18 <p where 


= (Prr) D 


k 
— (Dui)? II p 2B m+D O(—2b+9-0( 41) ) sy 


as asserted in the enunciation. 

We have now proved all that was asserted, apart from the value 
of J. It therefore remains only to verify that M/(s,,...,s,). 
given in (16), satisfies 


M(sy,..-, Sn) KJ 


for all choices of s,,...,5,. Since b >n and k—t+hZh, 
we have 


M Sia: Se) E 
t 


io 


—Ss,(2b—2n)h42s,n 2bV(k—t+h) 
D-S, t Dp; 


k 2b 
— 9(2n—2h(b—n))(s,4 --++8,) | II prem) 
t=1 


Now p? = pipu hence 
armen = S Ge) 
= pi" (bi e - Da) Pa. 


This gives the value of J, and the proof is complete. 





LEMMA 6. Let m and P be positive integers, and let 0’ be a real 
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number satisfying O< o' <1. Le’ 


x=1 
Let y be one of the numbers n + 1, n,..., 2, and let the coefficient 
a, of f(x) satisfy 
a 0 ; 
a, = — +- where (a, q) = land 0<q < Pree, 
q q 
Then 
1 1 
l Sh < H Pkr(r+)-14 (nt 09" | - J Ped oie, acai Oe 
(26) Jo Jo 
ae (P1-@ 20k +A) 
where 
P 
T* = T,¥(a4,,...,0,) = È elx +... + a,x" + ma, x"), 
x=1 
and 


as 


= (m + gP* O41) (Pg + 1). 
Proof. Let Y = [P2], Define S,* (y), for y=0,1,..., Y—], 
by 


wa 


Then, putting x’ = y + x, 


Sty) ] =| È elmf(x’)) | =] Sy | + 28y. 


vw’ =1l+y 


Hence, summing over y and dividing by Y, we have 
Y-1 
Sr Xe 2a 1) es 
y=0 
Therefore, by Hölder’s inequality, 


Y-1 20(k+hA) 
Bor chee) Z (v= > a) ) + VY 2d(k+h) 


y=0 


Y-1 
(27) <K VoL > | S*(y) Pate +. VY 2d(k+h) | 
y=0 
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By Taylor’s theorem, 


mily + x) —mf(y) = Yue +... + Yaa, 
where 


m. n+] 
28) Y= Yo =F) = (T amm.. 


and in particular 
Y p41 = Mansy 


Hence 
P 


Si* (y) = È e(Yix +... + Y 4" + ma, .x"*). 


x=1 
Let 2, denote the small region in n dimensional space round 
the point (Y,,..., Y,) consisting of points (a, ..., &„) satisfying 


|e, —Y¥,|<4P*@,...,[a,—¥,| S4P% 
Since ¢(8) = 1+ O(| £ |) for B <1, we have 
e(Yyx +... + Vix") = efx +... tax") + O(P) 
for any point (a,,...,«,) in 2, and for x =1,..., P. Hence 
Sy*(y) = Ty* (ay, ..., %,) + O(PI?) 


for any such point, where 7,* is the sum defined in the enunciation. 
It follows from this that 


Sy (y) PY | TY gy sos ag) | POH 4 yeh 
for (%,,...,%,) In Q,. 
Let t(2,) = 1(Q,; a, ..., &n) denote the characteristic function 
of the region 2, (mod 1), that is, the function which is lifa,,..., «, 


differ by integral amounts from the coordinates of a point in 
Q,, and 0 otherwise. We note that 7,* is a periodic function of 
&,,...,%, With period 1 in each variable. Integrating the last 
relation with respect to a,,...,a, over Q, we obtain 


Vesey ye a ee Í | Ty [tda . . . da, -H VYE, 


Yy 
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where V denotes the volume of 2,. Since 
V = Print- 
we obtain 


1 1 
[Sat oy) Poe panana | a f | 7% |?? +7 (Q da... da, 
0 0 V2 kh) 
Substituting in (27), we have 
1 1 Y-1 
SY PER Phrininen’| as J (Tit eee yh tO dadan 
0 0 2=0 4. y+, 
The desired result (26) will now follow, in view of the definition 
of Y, provided we can prove that 


Y-1 
È 1(Q,) < H = (m + qP) (Pg + 1), 


y=0 
for every point (a,,..., &„)- This is tantamount to proving that 
the number of values of y for which Q, contains a point whose 
coordinates differ from a,,...,a«, by integral amounts is < H. 


Let Q, and Q,, correspond to two such values of y. Then, by 
the definition of 2,, we have 


Ya = Y= Cae OUP 8), 


Y,-1(¥) — Y r1 (Y0) = Cra + O(P), 


where C,,...,C,_, are integers. It suffices to prove that if yọ 
is fixed, these relations admit only of « H values for y. By 
(28), the relations are 


1 , 
(PT emmo — y) = C, + OP), 


n+l j 
(PT emam — y) + (7) amo — yo) = Cri +OP), 


n alr l n—T n—T 
("3 a ,) ie A E. 


+ (1) amw — y) = Cy + O(P =e) 
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If we multiply the second equation by 2!, the third by 3!, and 
so on, we obtain equations in which the first term on the left is 
always divisible by the left hand side of the first equation, the 
quotient on dividing the first term of the sth equation by the 
left hand side of the first equation being 

y? — Vo 

Pg 

which is O(Ps-!). Hence we can subtract this multiple of the 
first equation from the subsequent equations, and so remove 
the first term from each of these subsequent equations, without 
disturbing the various error terms. When this is done, the equa- 
tions other than the first become 


i (i) a„mly — yo) = Cri + O(P), 


n...(n—s +2) 


es ; 
: (z)! (" l Janani —yo)= Cn O(P ), 


n 
242 ! n—r4t1 __ a; n—r+1 
wr 2)t( FL j)agmly yo 
P (a ae (') amy — Yo) = Cr + O(P), 
where C,,_,’,..., C,_;' are integers. After multiplying the second 


and subsequent equations here by suitable positive integers, 
depending only on the position of the equation in the series, a 
similar situation arises, and we can again remove the first term 
from the second and subsequent equations, on modifying the 
integers on the right. Finally, after n — r + 1 such operations, 
there remains one equation of the form 


Da,m(y — yo) = C + O(P), 
where C is an integer and D is a positive integer depending only 
on n andr (which can actually be taken to be (1!2!... (n—r+2)!)r, 
though this is not important). 


To estimate the number of values of y satisfying such a relation, 
for fixed yọ we appeal to Lemma 8c of Chapter I. The relation 
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is equivalent to 
|| Dima, (y — yo) || < & Pie. 
We have, by hypothesis, 
Dma Dm0 


Dma, = ge’ 


T 





where 
(a,q)=1,0<q < PH, 


Also y runs through Y < P consecutive integers, and y + 0’ > 1. 
Hence the lemma is applicable, with s = 7 + 9’ and Dm in place 
of m, and asserts that the number of values of y satisfying the 
relation is 

< (m + gP!-"-@) (Pq + 1). 
This proves the required result. 

THEOREM I. Let P and m be positive integers. Let 
f(x) = app"! + + aye, 


where A,.4,..-, 4, are real, and let 
P 
Sı = È e(mf(x)). 
xz=1 
Let y be one of the numbers n + 1,...,2, and suppose that 


TERA re where (a,q) = 1 and q >Q. 
Then Í 
(29) Si K P12 m, 
where 
T 
— 3n? log (12n (n + 1)/t) 
Here t 1s defined in terms of q and P by 
G) g=c¢,P* for 1<qScP, 
masi (Or GP S 9 =o.) A 
ikg =P Jor GPS Gg = cyl", 


V 
‘— l —]. 
e ae el +2) 
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where Cy, Ca are any selected positive constants (e.g. Cy = Co = 1). 
Thus 0< t S 1 always. 


Proof. We shall apply Lemma 6 to the sum Sj, and then use 
Lemma 5 in order to estimate the multiple integral on the right 
of (26). We first determine & as a function of by putting 

Be polan 1)/t) a | 
— log (1 — v) 
which ensures that 
T 


(30) o = (1 — r) < aa 


We note that, since 
pag) slog (bay ie), 
we have 
(31) (n—1) log (8n(n+1)/t) < k < (n—4) log (8n(n+1)/t) + 1. 


We apply Lemma 5 to the sum 7,* of Lemma 6, so that in 
Lemma 5 we have to replace #, by P, M by 0, and take 


f(x) = may yx"? + anx” +... + ax. We obtain 
1 Ne J 

(32) P E D gai > 2 K*(s,, EEE 
s1 =2 5,=2 

where 


FOP Siecle) = D ee t... eg ta) 
Xis- es n41 
and the summation here is over a set of points S as described 
in Lemma 5. For the polynomial just mentioned, we have 


2 ] 
Xi = 4% + (i)a eae E (") nk + ‘ sf ) amg” 


n n+l 
>. ta +H... + (") ae a ( z ) anama, 
K = an -+ (" a ') An+tyMNXo9, 


X a = MA nyi: 
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Thus 

XX tee bt Xna = Aye, +... + Ant, + Ang Maney 
where A,,..., 4,4, are given by 

A, 


= Xis 
2 
Ag = i XoX1 + Xo, 


Aa (3) Pe S +... +x, 


] 
n+ | n-+ 1 
dog : Jaret. +f - ) tota + Zasa 
The A’s are always integers, and A,;=...=A,=0 only if 
Hy... = %, = 9. 


We have, therefore, 


1 1 
[---[ KG. EH SEA e oe e 
0 


0 


1 1 
= 2 jock e(A +... + AG, + Ang Mny doy... do, 
0 0 


Lyse Enl 
and by Lemma 4 of Chapter I this does not exceed the number 
of points (xı, ..., Xn41) in the set S for which 


Xy =. = Xp = 9. 


By Lemma 5, this number is < y (with p, = P). Thus, by (32), 


1 1 nı Nk 
Lend Ty * [Pda da, < È... È Jy. 
0 0 


8, =2 Sp=l 
Here 
Jy = per (py. Pp) EHD Art +90), 
where 


= — 2n + (2n + 4) (b — n) + 2b — n(n + 1) 
= 2(n + 3)b — łn(5n + 13) 
> 0, 
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since b = 4(5n — 1). Also 


— 1—0) 
Dien Pe oe z 
Hence 
Jy Z bE) gre a a e Qst +5) 
whence, summing over S),..., Sp we have 


1 1 
Í pa f Ea a day on Ae pe a a a A 
0 0 


Applying Lemma 6, we obtain 


(337 [ssp Pere H P14 (r+ 00'+20(k+ a) +gm(n+V0 (P1-9')2b(e+r), 


Since 9’ > 0, we have 


mPq-! 
H = (m+ qP--@*)\(Pgi+t1l)< 4m 
mgqP-t) 
respectively, in the three cases in the enunciation. Hence 
(34) H <mP'*, 
by the definitions of t. Further, since n = 11, 
T T 
A ee 
3n? log 12n(m + 1) 3n? (2log 12 + log 11) 22n? 
Hence 


v V 
mt e= at Dehi +Z) < Zra +l 2) 


“OENE 
Sza "VE TIN T 330 


From these results, and the inequality for ø in (30), we have 


— 1+ Jn(n + Yo + (n + 1e’ 


<— rt + 4r + hrr = — žr (1 — fir). 
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Hence, using (34) and the last inequality, we deduce from (33) 
Sy kiii Kx P2e(k+h) — | T(1-v/15) m + (Pee E 
Thus to establish the desired result (29), we need only prove 
that 
2r(1 —-1 l 2 
et ( 15”) = o’ and Z a 
2b(k + h) 2b(k + h) T 
Recalling that h = n + 2 and b = [$n + $], and using the upper 
bound for k from (31), we have 
2b(k + h) < 2(ġn + ni — 4) log (3n(n + 1)/r) 41+ +2) 
N+ 3 
(n + 2)(n —$) (iog ( 3n(n + L)/t) + > 7 
— 2 


<$ + u — gv)m? log (12n(m + 1)/r) 


(35) 








E 





T 
= Š(1 + 2y)(1 — $v) —, 
(1 + $9)(1 — 39) 5 

since 
n+3 _11+8 


4 
== - = = < log 4. 
n—it~11—i Ë P 








Thus to prove the first inequality in (35), it is enough to show 
that 
(— (L + Bo) — a > 1 + doe, 
and in fact we have 
(1— 55) — (1 + gp) (1 + $) (1 — 97) = (§ + gon)” + aor > 0. 
To prove the second of the inequalities (35), we have to show that 
2b(k + h) > n? log (12n(m + 1)/r). 

By (31), 

2b(k + h) > 2(3n —4)((n — 1) log (3n(n + 1)/t) +n + 2). 
Hence it suffices if 

2(3n —4)(n — 1) > łn? and 2(8n —4)(n + 2) > 3n? log 4. 


Both these are satisfied for n = 11 (the second since log 4 < 3) 
and the proof of Theorem I is now complete. 
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Example. Suppose that in the polynomial f(x) one of the 
coefficients app - - - 4, 18 4/2. Then, since the continued frac- 
tion for 1/2 has bounded partial quotients, we can satisfy the 
requirement that 


+ 
q ¢ 
with a value of g with cP < q < P, where c is a suitable positive 


constant. Thus we have the second of the three cases in the 
enunciation, and r = 1. The theorem implies that 


ie 


e(mf(x)) & P230 420 


where 
= l 
T 3n? log (12n(n + 1)) 


LemMa 7. Let N and P be integers, P being large and positive. 
Let F(x) be a real function defined for N Sx SN + P, and 
having in this interval a continuous (n + 1)th derivative satisfying 


/ 








1 Fer) (x) 2 c 
Ay kE Aa 
where 
PLA L Prr 
Let 
N+P 
So Dr (F(x). 
x=N+1 


Let @ satisfy 0 < ọ < 1, and let 
pi = [A en), 
Then 
Sd k+h) 
1 1 
(36). < py Beet ht gn (n+) paraisse B d | Ta* [E+ das... 
4 (P1-@ 200842), i i 
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where 


P 
To* (04, 6.) Xn) = È elx +... + a,x”). 
xz=1 


Proof. In principle, the argument is similar to that in the 
proof of Lemma 6. Let Y =[P!-]. Define S,*(y) by 
Py 


Sa* (y) = È e(F (y + x) — F(y)). 


x=1 
Then, noting that 0 < 4, < P, we have 


N+P-—p, Pı 


Sa =p L Bel Fiy + x)) + O(h), 


y=N x=1 
and therefore 
+P-—p, 


N 
| S2 | Sp, 2 | So*(y) | + O (p1). 
Hence, by Hölder’s inequality, 
| Ss; [eaters 


N+P 
(37) K py BOR +h) P2O(R+R)—1 S Py : S,* (y) 20(k+h) J ( P1-8)20k+m, 


y =N 
on noting that p; < P1. 
By Taylor’s theorem, in view of the condition on F'"t! (x), 
we have 


Fly +x) — Fy) = Yu t.. + Ye" +05 py 
““0 


for 1 <x <4,, where 
l ; 
Y, = Y;(y) = i! Boy), 
We note that 


c! 

A, Pr Gag Ay Sa ee 
0 

so that 


(a part) = 1 + O(P). 
Ao 
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Define the region 2, in n dimensional space to consist of the 
points (a,,...,«,) satisfying 


| a—Y, | = apy Pe, Cue S | Xn e | = 3py "Pe. 
Then for any point (a,,...,a,) in 2, we have 
Sa" (Y) = La" (ay, -- +1 ta) + Olr L), 
whence 
O x | Te [tH 4. (py Pe) ROE, 


Integrating over Q, the volume of which is p,72"("™+) P-"8, 
we obtain 


| Sat (y) (meer 


1 1 

< paneo pre f E J (Tar [P24 (O )da,...da,, + (pyP-P)PRrt™, 
0 0 

t(Q,) being the characteristic function of 2, (mod 1). Sub- 


stituting in (37), we see that the desired result (36) follows, 
provided we can prove that 


N+P—9, 
2 1(2,) < pyre 
y=N 
for each point (a,,..., o,). 
Let Q, and Q, be two regions each containing a point whose 
coordinates differ from a,,...,, by integral amounts. Taking 


only the nth coordinates, it follows that 


| Yay) — Yalvo) |] S pP. 





Now 
PP Pe A 
for 
Apr” K A p172 n+) Z (PETR aria as 
and 
l + re) 

2 2y ( — 2y 20. 

(2 + 27) Para + 2g 
Thus 


Ln) = V4.0) |< PP AG 
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We have to estimate the number of integers y satisfying this 
inequality, with N Sy SN + P— p 
Put @(y) = Y (y) — Y n(Y). Then, for N Sy < N + P— H 


Bly + 1) — 9) = Y, p) = | FDh) 


for some y, with N S y, S N + P — p. Hence (taking F'"t! (y) 
to be positive without loss of generality) 


3) 


a| 


-soy + 1)— 9%) < 


where A = A,/(n + 1), 8 = c. The function Ø(y) satisfies the 
hypotheses of Lemma 9 of Chapter I, with Y = P — b, + 1, 
W « P™+e (and a different value of N). Hence, by (II) of that 
lemma, the number of values of y is 
K (PA! + 1)W &« W &« Pre. 

This proves the desired result. 

THEOREM 2a. Let N and P be integers, P being large and positive. 
Let F(x) be a real function, defined for N Sx SN + P, and 
having in that interval a continuous (n + 1)th derivative, satisfying 








l F+ (x) | = c’ 
Ap lat! Z Ay 
where 
P KA Ag Z Pete. 
Let 
N+P 
S=  eF(x)) 
z=N+1 
Then 
l 
(38) S, < P*®, where ọ = 





an? log (125n) 


Proof. This is similar to that of Theorem I, but uses Lemma 7 
in place of Lemma 6. Put 


7 log (6n + 6) 
an Ee (1 —») a | 
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so that 

(39) o = (1 — v) < (6n + 6). 
We have 

(40) k < (n — 4) log (6n + 6) + 1. 

Applying Lemma 5 to the sum T,*(a,,...,,) of Lemma 7, 
i.e. taking a, = a,...,@, = an @,+, = O in the f(x) of Lemma 5, 
we obtain 

mM Nk J 
Le a E a cy DIS ES 
sy=2 s =2 
where 
K(s,,...8,)= È e(Xyx,+...+X,.%,), 


and the summations are as explained in Lemma 5. 
In view of the present form of f(x), we have 
n 


2 
X = a+ (i)e ait aoe Ge (enro 


Xo = Olo ea eae + (er 


Ay OL: 
We note that (as before) 

Xixi +... $+ X,%, = Aye, +... +A,o,, 
where A, ..., A,, are integers and are all 0 if and only if x, ..., Xn 
are all 0. Hence 


el 1 
| pel Rls ee Sala . . da, X Y. 
0 0 


It follows that 


1 1 
ee | To* (220+ da... da, 
0 0 


1 Nk 
LDD Jy 
$,=2 S,=2 


K ptt -enint $4 (nF 1)O 
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as in the proof of Theorem I. Applying this result in Lemma 7, 
we obtain 


SEE K Bee Peele er eee + ( PIERDERI, 
Recalling that b, = [4,072 "+0] and A, & P2, we have 
by (39), 

p$r ono K pri Kx ATH g pve. 
Further, 
y(v+t l vit 
maios E E 
3 log (125n)  3(3 log 11) 
Thus the preceding estimate for S, implies 
S Bok +h) Kz P20(k+h)-§ +BY 2 ( P1-8)2blk+h), 
Comparing this with the desired result (38), we see that it 
remains only to prove that 
5 — $y > 2b(k + h)o. 
Using (40), we have | 


5 25 5 1] —2 

6 12? > a ( 3V) 

2b(k + h) ~ 2(4n + $)(n — $) (log (6n + 6) + 3) 
l 


= 3n2(1 + 3.1v) (log n + 3.22) 
since 


(1 — 2.5v)(1 + 3.1r) — (1 + 2y)(1 — $v) = 0.70 — 7.557? > 0 
for n = 11, and 


log (6n + 6) < logn + log 72 < logn + 1.88. 


Also 
log (125) — (1 + 3.1y) (log n + 3.22) 
= 1.60... — (3.1) (log n + 3.22) 
> 1.60 — 3.1 (log 11 + 3.22)/11 > 0. 
Hence 
it ! 





2b(k + h) 3n? log (1257) oe 
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THEOREM 2b. Let N and P be integers with P large and positive. 
Let F(x) satisfy the hypotheses of Theorem 2a, but with the stronger 
condition 

PLK Ag ee 


on Ay. Let B(x) be monotonic for N Sx SN + P, and suppose 
max | P(x) | < Dp. 
Then, if 1 S Py S P and 


N+P, 


S(P;}) = D D(x)e(F(x)), 
2=N+1 
we have 
l 
S(P p, P!-2, wh = —. 
(se te 3n? log (1257) 
Proof. Let 
N+Po5 
Sa (Po = 4 e(F(x)) 
x=N+1 


for integers P, satisfying 1 < P < P}. If Po = A,!/@+”, the 
hypotheses of Theorem 2a are satisfied for S,(P,), with Pp» in 
place of P. Hence, subject to this condition, we have 


S2(Po) K Pov? « Pr. 
If Py < A,/?+”), the same result follows from the trivial estimate 
So(Po) K P, Z p(2+v)/ (2+2) Z P18, 


since ọ < v/(2 + 2r). 
The result now follows on expressing S(P,) in terms of the 
sums S,(P,) for 1 < Py) S P,, and applying partial summation. 
Example. To illustrate Theorem 2b, consider the sum 
P+P, 
Sey Bas a4, 
x= P+1 
where s = ø + it, o > 0, t> 1, and 
l< P, < P, filn <P< fll(n—1). 
We have @(x) = x-7 and 


21 F(x) = — t log x. 
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Hence 





(n + 1)! | E 


F+ ( (x | 





The hypotheses of Theorem 2b are satisfied if we take 
Aves 2a (tee IV Pettit ce Ot 


since then P < A, < P*. Also we can take ® = P. Hence, 
if n = 11, we have 


l 


S < P17-, where 9 = —_—_____.. 
° = Bn? log (125n) 


NOTES ON CHAPTER VI 


This chapter has been considerably expanded, and the different 
steps towards the proofs of Theorems 1 and 2a have been separated 
into lemmas. The language of “b dimensional boxes” has been 
introduced to facilitate the discussion of multiple sums, and to 
enable us to make clear a number of points which are not explicit 
in the original. 

The main ideas in the proof of Theorem 1 may be summarized 
as follows. Lemma 6 shows that the estimation of a Weyl sum 
can be made to depend on the estimation of 


1 1 
Í wg Pig lade dey, NPS) Saye 
0 0 


This estimation is required to be of the form 
N*(P, s) Z P?s—inin+I) +8 


where 6 is in a certain sense sufficiently small 1). 
The above multiple integral does not exceed the corresponding 
integral N (P, s), formed with the term ma,,,x*"t! omitted from 


1) The precision of Theorem 1 will depend on being able to choose ô sufficiently 
small without choosing s too large. 
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T,* (i.e. taking a@,,,, = 0), and this integral has a simple arith- 
metical interpretation: it is the number of solutions of 


MS es eS ey 


Ma Se oe SS et eas Bey, 
in integers satisfying 1 S x; S P, 1 Sy, <P. An estimate for 
this number of solutions gives a measure of the regularity of 
distribution of the power sums on one side of the equations. So 
far it has not proved possible to obtain an effective estimate by 
a direct argument. 

The treatment applied to obtain an estimate for N*(P, s), and 
in effect for N (P, s), is to majorize | T,* | ? by sums of the type K 
of Lemma 5. The variables x,,...,%,,, in these sums K arise 
as power sums, and the construction is such as to ensure that 
these have the regularity of distribution expressed by the final 
clause of Lemma 5. This in turn gives an estimate for the mul- 
tiple integral corresponding to each K. 

Lemmas 1 to 4 represent steps towards Lemma 5. The tools 
for the production of well-distributed power-sums are found in 
Lemmas 16 and 15 of Chapter I. Lemma la represents the appli- 
cation of Lemma 16 of Chapter I to multiple exponential sums of 
a special kind; and Lemma 15 of Chapter I is applicable to 
certain products of such sums in the manner seen in the proof of 
Lemma 5. 

Considerable difficulty arises, however, from the fact that 
Lemma la is applicable only to sums of a rather special kind: 
those over proper boxes. This difficulty is surmounted by the 
use of Lemma 3, which shows how a box can be subdivided into 
boxes, some proper and some improper, in such a way that the 
total volume of the improper boxes is very small relative to that 
of the original box. When this subdivision is applied to sums, 
the contribution of the sums extended over improper boxes is 
small. 

Lemma 4 prepares the way for the production of sums of the 
type (17) in the proof of Lemma 5. To each such sum Vinogradov 
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then applies Lemma 15 of Chapter I and Lemma la of Chapter VI. 
The essential idea in the latter is, of course, Lemma 16 of Chapter I. 


It has been shown by Hua (Quart. J. of Math. (Oxford), 20 
(1949), 48—61) that Lemma 5 is not essential for the estimation 
of N(P, s), and consequently not essential for the results of this 
Chapter. The main innovation is that the integration over the 
unit cube is carried out at an earlier stage. We proceed to outline 
what the effect of this idea would be if we conserved the present 
notation and started from Lemma 4. 

Applying Lemma 4 with f(x) replaced by /*(x) =a,«"+...+a,% 
(i.e. writing @,,,; = 0, a4, =4%,,...,@, = 4,), we obtain on in- 
tegrating each side of (10) over the unit hypercube 
Oo Laine WE oe, =], 


N(p, 2b(k + h—#t + 1)) 


Ne M(t, s) 1 1 
<ù 2 Í pal | Z (2-b) |? | L(pua) | 2-8 day... dap. 
s=2 0 0 


Now 


al 1 
fo. [ZEPA PILO) POM day... dan 
is the number of solutions of 


My te. tH, tay tft... Fae Hy Jt... ty, typ t... ty, 


xy 7+ ene +% "+x" ero +%,"=y,"+ oe Hyp "+y". . F 


where l = 2b(k + h — t) and where (x,',..., Xa Jand (y,’,..., Ya) 
lie in B(2-°p,) and the variables x and y lie in the interval of 
summation of L(f,,,). In view of the invariance of the above 
equations under a simultaneous translation of all the variables, 
we may assume that 1 Sx; SPa and 1 <y; Spm 
(= 1,...,2). For any given values of %1',..., Xy, Yis- Vas 
the equations are of the form 
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Ht... $e Ht... ty, + Gy, 


die beP Hay tee ty + C,. 


By Cauchy’s inequality, the number of solutions of these equations 
IN %,..., Xp Vz, - - +) Yı does not exceed the number of solutions of 


hy tsi T eS Vp aaa EV 


one re e a a e 


and this number is N (pı 2). 

Now the number of possibilities for the variables of the type 
x’, y’ can be estimated directly by means of Lemma 16 of Chapter 
I applied to n of these 2b variables (unless s = 7, in which case 
the trivial estimate must be taken). Thus we obtain an estimate 
for N(p, 2b(k + h—t + 1)) in terms of N(p,4,, 2b(k+A—)). 
Successive application of this reduction formula for ¢ = 1,...,h 
leads to an estimation of NV(P, s). 

Actually Hua’s method differs from that of this chapter in some 
other respects (although the ideas are similar) and the inequalities 
he obtains are slightly more precise than those of this chapter. 
In place of Lemma 4 of this chapter, Hua uses a result which is 
very similar but more appropriate to his method. He obtains, 
by the argument outlined above, the reduction formula 


N(P, s) Z (log P)? p2n—(n+1)+2(s—n)/n N(P, şs — n) 


for s 2 n(n + 1) + n. Repeated application of this reduction 
formula shows that for any integers s, / satisfying s=4n(n+-1)+nl 
we have 

N(P, s) & (log P)?!P2s-2nin+)+0, 
where 


ô = n(n + 1)(1— >»)! 


This estimate is of the kind sought in connection with Weyl sums, 
and leads to slightly more precise results than the corresponding 
estimate of this chapter. 


CHAPTER VII 
The Asymptotic Formula in Waring’s Problem 


Let W(N) denote the number of representations of a positive 
integer N in the form 


N=x"+...+%,", 


where %,,...,*, are positive integers. Hardy and Littlewood 
gave an asymptotic formula for W(N) as N —> oo, and established 
its validity when m and 7 are fixed and y = (n — 2)2"-! + 5. 
The main term in the asymptotic formula is 

(ra gi v)) N”IS(N, r), 

T (vy) 

an expression which we have already encountered in Chapter III. 
We recall that G(N, 7) >> lifr 2 4n, by Lemma 12 of Chapter II. 
In order that the asymptotic formula should be valid, one needs 
an estimate of lower order than N™-! for the error term. As 
mentioned in the Introduction, such an estimate was found by 
Hardy and Littlewood on the supposition that y satisfies the 
inequality stated above. 

The object of the present chapter is to prove that, provided 
n = 12, the asymptotic formula of Hardy and Littlewood for 
W(N) is valid for 

r = [10 n? log n]. 
The proof is based on the improved estimates for Weyl sums 
found in the preceding chapter. 

Notation in this chapter. We suppose n = 12 and retain the 


symbols b, h, o with the same meanings as in the preceding 
chapter, namely 


b= n+4],h=n+2, o= (1 — rF. 
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We denote by k a positive integer, depending only on n, to which 
a value will be assigned later. 


LEMMA 1. Let þ > 1 be an integer. Let a,,..,a, be fixed 
positive integers with a, > 0, and let 


f(x) = a,x” +... + ayx. 
Let 
Taos x e(af(x)). 
Then 


1 
f | Tila) | 20+» da K p? +a-ntinntDo, 
0 


Proof. We use Lemma 5 of Chapter VI with a,,, = 0. This 
gives 


1 


n Ne J 
TPU D aae GD UK Sar e 
s, =2 


$,=2 k 
where 
K(s1,..., 53%) =... 4 p(x,..., %,)e(a(xyX, +... + %,X,)), 


the summation being over 
— py S %1 Spy... ., — CPI” Sx, S cp”. 
We also have the estimate p(%,,..., Xn) < y, where 


ME (a 1 ous ae 
Jy A Deere g2(N+1)+5n(N41)9 9 (Si+ +Sy) 


We recall that X, = {® (xo)/j!, where x) is some integer. Al 
the X, are integers, and X, =a, > 0. 


Now 
1 
| elatnx, +...+ %,X,))da 
0 
is 1 if 
(1) XXi H... H lpn = 0 
and is 0 otherwise. When x,,..., X, are given, the equation (1) 


admits at most one value for x,. Hence the number of possible 
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sets of values of x,,...,%, Which satisfy (1) is 


<K pip... pyr t = pe n, 
It follows that 


1 
| KG uy Sp ada << pD y, 
0 


whence 


1 1 Nk : 
[i Tie) mem cE. 2 paren yy 
2 


0 $,=2 Sk= 
nı Nk 
Z P PERNE palna > Sas > 9- S=- 
sı =2 Sk=2 


A p Pkt m—at galas DT, 
LEMMA 2. Let 


a 0 
(2) a=7 +p where (a,9) = L, pi” < g S 2mp 


Let p, be a positive integer, and let 


Le > €(ax”). 


z=1 
Then 
Ti $i, 
where 
(3) o = (3n(n — 1) log (12n?))-1. 
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Proof. The result is an immediate deduction from Theorem I 
of Chapter VI. In that theorem we take m to be 1, and replace 
n + 1 throughout by n. We take f(x) = ax” and y = n. Because 
of the restrictions on q in (2), we have either the first or the 
second of the three cases in the theorem. In the second case the 
parameter t is 1. In the first case the parameter t is = 1 — v», 
since g > p,!-”. Also ọ' can be replaced by the smaller number ọ. 


Hence the conclusion follows with 


l] — vy 


sa — iog 2na — 1) >) 
= (3n(n — 1) log (12n?))-1. 
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THEOREM. If r 2 [10n? log n], the number W(N) of represen- 
tations of N as the sum of r nth powers of positive integers satisfies 


(ra +») 
riw) 


Proof. Let 4i = [N"] and t = 2np,""1. Let 


W(N) = N-11 S(N, r) T ONO), 


Ty(«) = >» e(ax”). 


r=] 


Then, as in Chapter III, but with 7,(«) for L(«) and 4, for P, 


1-1/T 
(4) WIN) = | (Ty(@))fe(—Na)da. 


—1/T 
We divide the interval of integration into basic intervals and 
supplementary intervals. The basic intervals comprise all « of 
the form 


l 
pa i, where (a, q) = 1, 0 < q S pt”, lS 
q T 


This is the same definition as in Chapter III, except that f has 
now the special value 1 — v (and p, replaces P). Any «in a 
supplementary interval is representable (not necessarily uniquely) 
as 


l 


(5) peat ee, where (a, q) = 1, b <q ST, |z|S—- 
q qt 
We have 
W(N) = W*(N) + W**(N), 

where W*(N) is the contribution of the basic intervals to the 
integral (4) and W**(N) the contribution of the supplementary 
intervals. 

Since y = [10n? log n] > 2n + 1, we can appeal to the results 
of Chapter III for the contribution of the basic intervals. By 
Lemma 4 of that Chapter, we have 


r+y))r 


W*(N) = G NOE D AGN TEON E; 
I'(rv) 


0<¢qs pi” 


CHAPTER VII 12] 


By Lemma 6 of Chapter II, noting that r 2 2n + 2, we have 
2 A (4, N, r) < È gi eer Z pry < N”. 


1—r l—r 


a> Pı q> Pı 


Hence 

(ra +»))° 
T (rv) 

We have now to estimate the contribution W**(N) of the 


supplementary intervals to the integral (4). By Lemma 1, with 
f(x) = x", we have 


W*(N) = N'-16(N, r) + O(N7-1”). 


1 
| | Ty (ox) ROM da K p Eth -ntinntno 
0 


Further, any « in a supplementary interval is representable in 
the form (5). It follows that the hypotheses of Lemma 2 are 
satisfied, and therefore if r = 2b(k + h) we have 


| Ty (a) | 72+ < p (r-2b(k+h)) 1-2) 
in the supplementary intervals, where ọ is given by (3). Thus 
W**(N) « py", 

where 
à = — n(n + 1)o + (r — 2b(k + h))o. 


It remains only to prove that W**(N) « N”-1=*, that is, 
that A = v. The number k is still at our disposal, and we take 


log (0.6n? log 12n? 
= pee Br = | 
— log(1 — v) 
thus ensuring that 
o S (0.6? log 12n?)-1. 


The function log (0.6 log 12n?) —0.8logm is decreasing for 
n = 12 since its derivative is 


l 2 
me oo —0.8), 
n \log 12 + 2 log 
and log 12 + 2 log n 2 3log 12 > 7. The value of the function 
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when n = 12is about — 0.5. Hence log (0.6 log 12n?) < 0.8 log n. 
and therefore 





Ja 
pa C L RENET 
v 
Also 
2b < Šn + 1, h= n + 2, r 2 llOn? logn — l1. 
Hence 
n(n 1l 
j (n + 1) 


Ln? log 12n? 
r 10n2 log n — 1 — (n + 1)((n — 4) (2.8 log n) + n + 3) 
3n(n — 1) log 12n? 
or 
(6n(n — 1) log 12n?)A > — 5(n® — 1) + 20n? log n — 2 
— (5n + 2)((m — 4) (2.8 log n) + n + 3) 

= (ôn? + 1.4m + 2.8) log n — (10n? + 17n + 3). 

Since n > 12 and (log 12)-! < 0.41, the last expression is 
> (1.92? — 5.6 + 1.5) log n > 1.5n(n — 1)log n. 

On the other hand, 6”(m — 1) log 12n? < 18n(n — 1)log n. Hence 


1.5 l 
4 > — = — 2». 
18 12 


This proves the result. 
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This closely follows the original. The reader will recall (see 
Notes on Chapter IV) that it is necessary to save more than p,” 
on the integral for the number of representations. The saving 
effected by Lemma 1, on 2b(k + h) nth powers, is n — 4n(n + 1)o. 
The choice of k is such that n(n + l)o is about —_———, and 

2.4 log n 
then 2b(k + h) is about 5n*logn. The rest of the necessary 
saving is effected by the inequality of Lemma 2, which saves 


l 
about ————— on each additional nth power. It will be seen 
6n? log n 


that the constant 10 in the final result is of no special significance 
(for large n). 
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The Distribution of the Fractional Parts 
of the Values of a Polynomial 


In the present chapter, the estimate found for Weyl sums in 
Theorem I of Chapter VI is applied to the proof of an asymptotic 
formula for the number of fractions in the sequence 

{f(x)}, where x = 1,..., P, 
which are less than a given number between 0 and 1. 

We shall restrict ourselves to the case in which f(x) is a poly- 
nomial with real coefficients. We shall suppose, as usual, that 
the degree of f(x) is fixed, though the method is also applicable 
if the degree increases slowly at the same time as P increases 
and the form of f(x) varies. 


THEOREM. Suppose n = 11, and let 

f(x) = apy% +... + ax 
be a polynomial with real coefficients. Let s be one of the numbers 
n-+1,...,2 and suppose that 

a 0 

as ee T 2? 

7 q 
Then the number T of integers x with 1 Sx < P for which 


Had ay (0<y <1) 


where (a,g)=1, g> 0. 


1s given by 
T = yP + O(P'), 
where 
T 
® — 3n? log (12n(n + 1)/T) 
and t 1s defined in terms of P and q as follows: 
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G=GP* f Lg SGP, 
T= af Gp S97 =i. 
q = PA u aP q S cgp”. 


Here ci, Cy, C3 are positive constants which can be chosen 
arbitrarily. 

Proof. Put A = P—2. We can obviously suppose that A < 4, 
since otherwise the theorem asserts no more than the trivial 
estimate T = O(P). 

Let A, B be any two real numbers with 0 < B — A < 1 — 24. 
We apply Lemma 12 of Chapter I, with 


r= l, « = A — 44, b = B + 44. 
By that lemma, there exists a function y(z) with period 1, whose 
value is 
lif ÁSz <B (mod l), 
0if B+4<&z<1+4—A (mod 1), 
and otherwise between 0 and 1. This function has the Fourier 
series expansion 


y(z) = (B—A+A)+ > (am COS 2%mz + bm sin 2amz), 
m=1 


where 
Am Km, ba LEK MI if m < AA, 
Am KA mm, bn K Aim? if m Z A, 


Let T (A, B) denote the number of integers x with 1 S x < P 
for which A < f(x) < B (mod 1). Then, by the above, 
P 


(1) T(4, B) < È y(f(x)) <T(A—A, B+ A). 


2) E yfe) =PB—A +A) E (Sq! + DaS”) 


where 


6 eG Pg 6 


£ 


e(mf(x)). 


P 
=1 
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We apply Theorem I of Chapter VI to the sum Sm. This gives 
Sn Kx melt P-O-01(80n) 
where t and o are as defined in the enunciation. Hence 


(Gin Om F Omm ) 


1 


Kx p1—0-9/ (30n) ` m—1+20!T ae P1-0-@/(30n) > A m-2+ 20/7. 
msA-} m>A7} 


1M8 


Since 20/7 < 1, the last expression is 
Z p172-0/ (30n) A-2217 ea P1-@-g/(30n) 4-14 1-20/T 


Now 4 = P¥and t <1 always. Thus 





2T 2T T 
3n? log (12n(n + 1)/t) — 3n? log 12n(n +1) ` 30n 
whence 
Y 
2027-1 < —. 
£ 30n 


It follows that the previous expression is < P!~°, 

Substituting in (2), we have 

P 
w(f(x)) = P(B — A) + O(P). 
x=1 
By (1), this is an upper bound for T(4, B) and a lower bound 
for T(A — 4, B + 4). In particular, using this upper bound 
with A and B replaced by A — A and A, we obtain T (A—4, A) 
< PA, and in a similar way T(B, B+ A) < PA. Hence 
T(A, B) = P(B — A) + O(Pr®). 

This result has been proved for any real numbers A, B satisfying 
0S B—AS1—24. If y= 1—24 we can take A = 0 and 
B = y and obtain the desired result. If y > 1— 24 then 
l — y < 24 < 1 — 24, and we can take A = y and B = 1 and 
obtain the desired result by subtracting the interval (y, 1) from 
the interval (0, 1). 
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The reader will observe that there is a certain analogy between 
the relationship which this chapter bears to Chapter V and the 
relationship which the preceding chapter bears to Chapter IV. 
In Chapter V the problem was that of finding some integer x for 
which /(x) is near to a given real number, and therefore x could 
be restricted to integers of some special kind. Similarly in Chapter 
IV the problem was that of representing N in any one way as a 
sum of mth powers, and again the variables could be restricted 
in any way. In the last two chapters, on the other hand, the 
problems concern all integers from 1 to P, and the only known 
method of attacking them is by employing an estimate for Weyl 
sums. 


CHAPTER IX 


Estimates for the Simplest Trigonometrical 
Sums with Primes 


In this chapter I apply my method to obtain estimates for 

sums of the form 

di elap), 

paN 
where « is real and # runs through the primes. These estimates 
depend on rational approximations to the number «. 

It may be noted that the same methods can be applied to 
sums of the form 

2 e(af(p)), 

PSN 
where f(p) is a polynomial of higher degree than the first, the 
estimates then depending on rational approximations to the 
coefficient of some power of p higher than the first; or more 
generally where /(#) is a function which in a certain sense ap- 
proximates closely to a polynomial. 

The same method also makes it possible to estimate certain 
purely arithmetical sums in which the variable is a prime, for 
example sums of the form 

2 x(p + k), 

PSN 
where y is a non-principal character to the modulus g and (k, q)=1. 
More generally, by combining my method with that of certain 
English mathematicians, it is possible also to estimate sums of 
the form 


2 x(f(p)), 


DSN 
where /(p) is a polynomial whose values are integers. 
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Finally, it may be noted that in all such questions it is possible 
to replace the variable p, running through primes, by a variable 
running through some other sequence of positive integers, e.g. 
the sequence formed by the primes in a given arithmetical pro- 
gression, or the sequence of integers a for which u(a)y(a) has 
a given value, or sequences consisting of products of various 
general forms. 

Notation in this chapter. The letter # will always denote a 
prime, unless otherwise stated. N will be an arbitrarily large 
positive integer, and we write 


r = log N. 


LEMMA 1. Suppose we are given any three increasing sequences 
of positive integers. Let u assume all values Uts, where u, runs 
through all integers of the first sequence and u, runs independently 
through all integers of the second sequence. Let v run through the 
integers of the third sequence. Suppose that 


bee aN UK UKU. 
Suppose that 


0 
a= +, where (a,gy)=1,1<q<N. 
G q 
Let 
S= XL kX e(auv). 


U <u <U’ vSN/u 


Then 
S <Nr(g-! + gN-! + U-1 4+ UNY. 
Proof. Let &(z) denote the number of representations of an 


integer Z aS Ua, so that 0 < &(z) < t(z). Then 
S= YD &z) È e(azv), 


U<zsU’ VSN/z 


where z takes all integral values in the interval specified. By 
Lemma 17 of Chapter I, 


x (r(z))? < Ur. 


z<U’ 
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Hence, by Cauchy’s inequality, 
S: KUP © | © e(azv)|? 


U<zS5U" wSN/z 
= Ur È 2 È eļ(az(v—v')). 
U<zsu’ wSN/z v'SN/[z 
By Lemma 6 of Chapter I, noting that z, for given v and v’, runs 
through all the integers of a certain interval of length < U, 
we have 


S< «Ur È È min (ue) 
v<NIU v’<N/U || «(uv — v’) || 
For each value of v we split the summation over v’ into 
<« NU~1g-! + 1 intervals each of length < q. For such an inter- 
val, the sum over v’ is of the type 2 considered in Lemma 8a of 
Chapter I, with å = 1. Hence each such sum is <U + gq log q. 
Thus 


S? < Ur (NU) (NU! + 1)(U + q log 9) 
K NA (g + qN + U1 + UNM), 


since log q < log N =v. This gives the result. 


LEMMA 2. Let P be a positive integer. Let z run through any 
finite set of positive integers, and let f(z) be an arbitrary function 
of z. Let 

Se 2 e See. D Fey 
(z, P)=1 z=0 (mod d) 


Then 
(1) S' = X u(d)Sa 
a|P 
Moreover, if f(z) = 0 for the values of z under consideration, and 
if m is an even positive integer, then 
(2) S< È uld)Sa 


a|P 
Q(d)sm 


Proof. We have 
2 u(d)S= & © uldi). 


d| P a|P z=0(mod d) 
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The coefficient of f(z) is 
2 u(d), 


d|( P, 2) 


which is 1 if (P,z) = 1l and 0 otherwise. This proves (1). 
For the second result, it suffices to prove that if n= (P, z)>1, 

then 

Xu uld) 20 

djn 

Q(d) sm 

for any even positive integer m. If 2(n) = t, we need consider 
only the case m < t. Collecting together the divisors d of n with 
the same number of prime factors, the above sum is 


(+ Q—+) 


It is easily proved (e.g. by induction on ¢) that the value of this 


sum is 
= ') > 9. 
m 


0 
a= +4, where (a,q)=landl<q<N. 
ae 


THEOREM. 1 Let 


Let 
S= È e(ap) 
DSN 
Then 
9 
S <Nr2?((g- + qN)? + HA), 
where 


H = exp ($7). 

Proof. Let P denote the product of all primes not exceeding 
/N. The positive integers z S N satisfying (z, P) = 1 consist 
of 1 and the primes 4# satisfying VYN < p <N. In the notation 
of Lemma 2, putting f(z) = e(az), we have, therefore, 
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Si =e(a)+ E  elap) =S + O(N). 


/N<p<sNn 


Thus, by the identity of that lemma, 
S= Ð u(d)Sa + OWN) 


d| P 
= Eula) B eladm) + O(N), 


We divide the interval 0 < m < N into subintervals of the form 
M <m <S M’, where M < M’ < 2M; 


and put 
S(M)= X uld) DY e(adm). 
d| P M<msSM’ 
msN/d 


The subdivision can be effected with « r subintervals, and con- 
sequently S is a sum of «r sums of the form S(M), together 
with an error O(4/N). 

We consider firstly any sum S(M) for which M > H. By 
Lemma 6 of Chapter I, 


S(M)<«< dX mi (~ 
min {—, —_——-}, 

ad<N/M d 2\| ad || 
where now we can allow d to run through all positive integers 
< N/M. The above sum is of the form considered in Lemma 8b 
of Chapter I, with W = N, W = N/M. Hence 

S(M) & (NM + q + Ngt) log N « Nr(H~ + qN1 + q). 
The sum of «r such sums therefore satisfies the inequality 
enunciated in the theorem. 

We consider secondly any sum S(M) for which M < H. We 
deal first with those values of d in S(M) which are composed 
entirely of primes < H?. We shall prove that the number of such 
values of dis <NM~—H-!. For suppose d is itself greater than 
NMH. The number x of prime factors of d satisfies 

H™ >= d > NMH- > NH=, 
whence, by the definition of H, 


(2x + 2)h4/r >r, or x>œ>syr—l. 
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Hence for any such d we have t(d) > 2V"-!, and the number 
of possibilities for d is 
t(d) 
< E => <NM-¥2-V" « NMH, 
asnjim 2V" 
on using Lemma 17 of Chapter I and noting that r2-V" < H-1 
since 7 is large and 4/e < 2. This proves that the number of 
possible values of d of the kind under consideration is < NM-1H-1, 
and their contribution, say S¿(M), to S(M) is < NH-}. The sum 
of «ry such contributions satisfies the inequality enunciated. 
Finally, we have to consider 
S(M)—S(M)= E = pldje(adm), 
M<m<M’ dSNi/m 
where M < H and d runs through divisors of P which have at 
least one prime factor > H?. We write the last expression as 


2 S, (M)— È S,” (M), 
k k 


where 
S (M) = È x e(adm), 
M<msM’ adSN/m 
d running now through divisors of P which have exactly k prime 
factors > H? and for which u(d) = 1, and where S,” (M) has a 
similar definition but with uw(d) = — 1. Also k = 1, 2,..., and 
the greatest value of k is «r, since a number not exceeding N 
has «ry prime factors. It will be enough to consider S,’(M), 
as the same treatment applies to S,” (M). 
We compare S,’(M) with the sum 7,(M/) defined by 
T,(M)= È a e(aptm), 
M<m<M’ ptsNi/m 
where p runs through primes satisfying H? < p S W/N, and ¢ 
runs through divisors of P with u(t) = — 1, which have exactly 
k — 1 prime factors > H?. Each number $t for which (b, t) = 1 
is one of the possible values of d in the sum for Sẹ’ (M), and each 
such value of d arises k times in the sum T,, namely with # as 
any one of the k prime factors > H? of d. The number of terms 
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in the sum T, for which ($, t) > 1 is obviously 
<MXUX1<M XL NM < NH=. 


pu SNM p> H? 
p> H? 


Hence 
3) Sx (M) = = T,(M) + O(NH-), 


To estimate the sum T, we split the interval H? < p S yN 
into «r intervals of the form Q < p < Q’, where Q < Q’«@Q. 
Let T,(M, Q) be the part of the sum T,(M) corresponding to 
such an interval of primes p. Then 


T,(M,O0Q)= È 2 Z e(ampt). 


M<msM' Q<psQ’ mrpt sN 


To this we apply Lemma 1 above, taking u = mp and v = ¢, 
where ¢ is restricted in the manner already stated. Since U in 
that lemma corresponds to MQ here, we obtain 


T,(M, Q) & Neg + gN-! + M19 + MENT). 


Now H? <Q <N, so that M-10! < H- and 
MQN < HN-* < H-*. Hence 


T,(M, Q) < Nr?( (q + gN)? + H=), 
whence, summing over «ry values of Q, 
T,(M) <NP( (q+ + Ni + HA). 


By (3), the same holds for S,’(M), and similarly for S,” (M), 
with a factor 1/k. Next, summing over k and noting that 
LIfk <logr «rt, we obtain 


S(M) — Sy(M) < Nr2((q-? + qN) + H-). 
Finally, summation over < 7 values of M gives the result stated. 
LEMMA 3. If x > 2 then 


l l 
p> = = loglog + + 0 (3), 
p x 


psz 
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l c l 
nv!) = +0(-4), 
vex SP) tog Nog)? 

where c, Cy are constants and Cc, > 0. 


For a proof see, for example, A. E. Ingham, The distribution 
of prime numbers (Cambridge, 1932), 22—24. 


LemMMA 4. Define b and b by 
b = exp (ri-2*), b, = exp (r!-**), 
Suppose that 
0<q<b, VS 1 = Gg, (Lq)= l, 
U >0, W >b. 


Let T denote the number of numbers of the form qx + l which are 
not divisible by any prime < b, and which satisfy 





(4) U <qx +l SU +W. 
Then 
2E 
pew. 
rq 


Proof. Let f;,...,f, be the primes not exceeding b, which 
do not divide gq, and let P = pı... po, so that Q(P) =o. Let 
m = 2/2 logr + 1]. 

We take f(z) = 1 in Lemma 2, and let z run through all integers 
of the form gx + / in the interval (4). By (2), 
TS = wld, 
a|P 
Q(a)sm 


where now S, is the number of integers gx + / which satisfy 
(4) and are divisible by d. Since (d, q) = 1 we have obviously 


Thus 
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the second sum on the right arising by counting the number of 
divisors d of P with Q(d) = s. As regards this second sum, we 
have 


Da (") = Do LLL, 
s=0 S s=0 


and, since W = 6 and q < b, 


m+1 5 logr D W 
bti < b E R 
br gr 


Hence it remains only to prove that 


d 1 
sy Heh gy 
AJP d Y 
Qla) Em 


For the sum without the restriction (d) S m we have, using 
the second result of Lemma 3, 


y HM) tise 





log 0, 


—— ee 


p 


aqp d 7 psd, 

pta 

and this satisfies the required inequality, since log b, = 717%. 
Further, we have 


l g I 

2 -= È 2 - 

d| P d s=m+1 a|P d 
Qld) >m Qla) =s 


< $ eae 7 
emis Pi ~ Po 
Now, by the first result of Lemma 3, 
L, +... + lba < log log pa +6 + 1, 


and since log p, < log 6, = 71-7% we can replace the last expression 
by logy. Thus, since s! > (s/e)’, we have 
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l D e log r\$ a 3ye] 
x -< È ( 5 ) < A (=) oe; 

a|P s=m+1 S s=m+1 4 Y 
Q(d)>m 





4 
on noting that m > 4logy and e < 3 and A108 Sl, 
The last result completes the proof of Lemma 4. 


THEOREM 2a. Let b, = exp (r!-**). Suppose that 
0<g Sexp (°), (4,9) = 1, 


and let 
S = p> €,(ap), 
N-A<psSNn 
where 
Nb SA <N. 
Then 
A (rq)** 
S< ae 


Proof. Let b = exp (r?°) as before, and by = exp (7*8). 
(Thus b < b < by.) Let P denote the product of all those primes 
< by which do not divide q. 

We apply (1) of Lemma 2, with f(z) = e,(az), letting z run 
through those integers of the interval N — A < z S N which are 
relatively prime to g. This gives 


(5) 2 (az) = È u(d)Sa 
N-A <zSN d| P 
(z, Pq) =1 dN 
where 
(6) Sa= È e (adm). 
N—A N 
—_— <ms — 
d 
(m,q)=1 


We first obtain an estimate for the right hand side of (5), and 
afterwards investigate the difference between the left hand side 
of (5) and the sum S of the theorem. 

We have 
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where Z,(/) denotes the number of integers z satisfying 
(7) N—A<z <N, z =l (modę), z=0 (mod d). 


Since (d, q) = 1, we have 


Hence 


by a well known result. It will be convenient to modify the last 
formula slightly; putting Z, = Z,(1) we have 


(8) Sa = u(q)Za + O(9). 


4 
We shall use this in the right hand side of (5) if d < N5. 
4 
If d > N5, we have 


4 
by 24) > d > N3 = exp (#7), 
whence 2(d) > $ë, and therefore 


t(d) = 290 > exp (F(log 2)7*) > exp (0.557°). 


Hence 
2 Sale à x — z(d) exp (— 0.557°) 
a oe ee 
N5 <dSN d d 


& exp (— 0.55f) & , È t(d), 


m<N® 


where d now runs through all integers in an interval d,<d<d,+h, 
where h < A/m and d, +h S N/m. By Lemma 17 of Chapter I, 
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Z x(d) = hlog (d, + h) + dylog(1 + h/d,) + (2E — 1h 
dı <dSd,+h + O( (a, 1 h)è ) 
< Arjm + Alm + Alm + O((NIm)}) 

< Ar/m + O((N/m)?). 


Hence 
Ar N\2 
x  |Sal| exp (— 0.557%) È (= ae (>) ) 
a| P ı\m m 
4 m<N® 
NŠ <a sN 


< exp (— 0.557*) (Ar? + N3) 
A 
< I 
since N3 <A and yq < exp (47°). 
The same estimate applies to 


D Za, 


d| P 


4 
N5 <dSN 


since Z,, by its definition in (7) (with ¿ = 1) obviously satisfies 


Hence, by (8) and the results just proved, we have 


A 
oe O(N g) +0 
Bu ala) È u(d)Z_ + O(NEq) + (5) 


From Lemma 2, letting z run through the integers of the interval 
N— A <z <N which are = 1 (mod q), and taking f(z) = 
we see that 

x uld)Za 

a| P 

adsN 
is exactly equal to the number of the above integers z which are 
relatively prime to P. By Lemma 4, with /= 1, U = N — 4A, 
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W =A, this number is 
A (rq)*” 
Pe a 
rq 
This completes the estimation of the right hand side of (5), and we 
have now proved that 





yee 





A(r 
2 eaz) & "4 
N-A<z<N rr/ q 
(z, Pa)=1 
The condition (z, Pg) = 1 is equivalent to the condition that 
every prime factor of z is greater than bọ. The number D of 


integers z in the above sum which are not square free satisfies 


A A A 
D. & Caie a N<— 
bo<psv/n \P* bo y r4/q 
and so can be neglected. Let 
(9) H, = p> €q(4Z,), 
N-A <z SN 


where z, runs through the numbers which are products of k 
distinct primes all greater than bọ. Then, since N — A > bọ, the 
sum S of the enunciation of the Theorem is H,, and by the above 
results we have 


i A(rq)* 
& A, < ——_, 
ra 
where kọ & 7 as usual. It remains to find an estimate for A, 
when k = 2. We shall prove that 
A (rq) 
krv/q 
for k = 2, and this will give the derived estimate for S, since 
2 l/k <logr « (rq). 
The sum H, defined in (9) is related in an obvious way to the 
sum L, defined by 
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(11) L= ù & e,(apv), 

N-A <pv S&N 
where # runs through primes greater than 0, and v runs through 
products of k — 1 distinct primes all greater than bọ. The number 
of terms for which (f, v) > 1 satisfies the same estimate as D 
above, and the other terms give every term in the sum H, each 
exactly k times. Hence 


l A 
Hy= = 1,+0(—) 





k r/q 
and to prove (10) it suffices to prove that 
A (rq)"* 
(12) Leg 
"rya 
for k = 2. 


In the sum L, we have 
bo < $ < Nd * 
since v > b!. We split up this interval into « r intervals of 
the form 
(13) Y < p < Y’, where 2Y < Y’ < 3Y; 


and we then further split up each of these intervals into « Yb"! 
intervals of the form 


(14) U <pSU +W, where b SW S20. 


Consider the part of L, corresponding to primes # in one of these 

last intervals. The error introduced if we replace the condition 
of summation on v, which is 

N—A 2 N 

——<—<—— < y Sí —, 

P 


by the simpler condition 


Uae a 
Ua Sj 
U 
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1S 





<a + i K w (2 











[3 U \AU A 

Now 

a C a ae l 

AU ~ +U ~ by Oryg 

YT Nbg te l 

K = 

A Nb," bo Sa 

Hence the error in question is 
WA 
Ur? q. 


After making this change, the part of L, corresponding to an 
interval (14) of values of # is 


M= È Z% — e, (apv). 
U<psU+W xf <v <> 





Let (2) denote the number of primes # in the last sum for which 
p =! (mod q), and let y(t) denote the number of values of v 
in the last sum for which v = ż (mod q). These numbers are 0 
unless (J, q) = 1 and (¢, q) = 1, and in the latter case they can 
be estimated by Lemma 4. Since W = b and 

AJU > (Nb,7!)/(Nb,-*t+!) > b, and since the upper bound for q 
in Lemma 4 is amply satisfied, we have 





2€ 2E 
ppe rn n) aL 
rq Urq 
Now 
M=S E e()nii)e,(alt): 
=0 ¢=0 


and on applying Lemma 10a of Chapter I we obtain 
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M <« {9(2 | E0 2) ( | aH} 
g ( , W2 (rq)“ si 





rq? U??? 
_ WA (rq)*" 
UP /q- 

It follows that the contribution of an interval of the form (14) 
to L, satisfies the estimate just given. The contribution of an 
interval of the form (13) is therefore 

WA(rq)* Y — A(rq)* 
Urs/q b rag 
since W «b and US Y. Finally, on adding « z such con- 
tributions to give L,, we obtain the required result (12). 
THEOREM 2b. Suppose that 
t = N/H, where 1 < H <S exp (7°). 
Suppose that 








l 
TEE where (a, q) = 1, 0 < q S exp (r*#*), |z| S — 
q gt 


Let 
S= È e(ap). 
pN 
Then 
N 5E 
S Z N (rq) 
r/q 


Proof. We split up the interval 0< p SN into [exp 72] 
intervals of length A = N [exp7?]-!. Denote one such interval 
by N,—A<PSN,. Putting 7, = log N,, we have 7, Sr and 


ri 2 log A Zr— vr. 
Also 
N, exp (—/r) < A < Ny, 
The contribution of an interval N, — A < p SN; to the 
sum S is 
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> (<p db zp), 
N,-A<pSN, ` 
and 
A 
e(zp) = e(zN,) + 0 ($). 
qt 
To the sum 


ue (4) 


N,-A <pSN, 
we can apply Theorem 2a, the conditions of which are satisfied 
since 
q S exp (72°) < exp (7°) 
and 
A = N, exp (~rt) > N, exp(—r,"*’). 


It follows that 


A (rq) mi A (rq) 
ny4 q rq 


since At“! < N exp (—r?)N1H «r. Finally, 
A (rq)  N(rq)"" 


S < exp (r?) ——— < 
rq raq 





p> (25 +) K 





LEMMA 5. Suppose 
O0<cSh 0O<coSh. 

Let d run through all distinct positive integers not exceeding N 
which are products of distinct primes not exceeding N°. Then 
these numbers d can be distributed into at most 

(log 7)? 
log (1 + c) 
disjoint sets, with the following properties. 


(i) To each set there corresponds a positive number y such that 
all the numbers in the set satisfy 


p Sd Sgot. 


D = exp 
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(ii) Suppose that, for a particular set, p > NY, where the number 
y (which may vary from set to set) satisfies 


0<ysl—ca. 


Then there exist for that set two increasing sequences of positive 
integers x and y such that all the integers x lie in an interval 


Po Sx S p, where NY < po S N?*, 
and such that the products xy, with 
(x,y) = 1, xy SN, 


comprise precisely the numbers d of the set in question, each repeated 
the same number of times. 
Proof. Define a function g(t) for integers ¢ 2 0 by 


(0) = 1, p(l) = 2, v(t + 1) = (p(t)) t for #21. 
Let t be the greatest integer for which g(t) < N7; then 
(1 + c) log 2 <S olog N = or. 


Since ø < 4 and log 8 > (1 + 4)? > (1 + c)?, this implies 


Let R = [r]. Then each number d under consideration has at 
most R prime factors, since any product of R + 1 distinct primes 
1S 

=22.3...(R+ 2) >en >N 


for sufficiently large N. We can represent each d as 
d = pip,... Pr 
where each #, is either a prime or 1, and where 
N° 2), 2),.2...2prR21 


(with p; > p; unless p; = 1). 
For each 7 = 1,..., R we define ¢, = #;(d) to be the unique 
integer ¢; for which 


(15) Pl) Sp; < plt; + 1). 
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Thus ¢; = 0 if $; = 1 and ż¿, = 1 if p, = 2. Then each number d 
defines a sequence ?,,...,¢p of integers satisfying 


(16) ne ee 20. 


It should be observed that the number d = 1, which arises as the 
empty product of primes, corresponds to the sequence 0,..., 0. 

We collect together all numbers d which give rise to the same 
sequence ?,,...,¢#p, and thereby distribute all the numbers d 
into sets. It remains to be proved that these sets have the pro- 
perties stated in the enunciation. 

A sequence #,,...,¢p satisfying (16) is uniquely determined if 
we know how often each of the numbers T,..., 0 occurs in it. 
The number of times each of these numbers occurs is at most 
R, so the number of distinct sequences ¢,,...,¢z is 


< Rt <r < D, 


by the inequality for t proved earlier. 
For each sequence we define ¢ by 


p = p(t)... phir). 
Then for all the numbers d which correspond to this sequence, we 
have d = o by (15). Also, if ¢; > 0 and ż; = 0, we have 
d = p1... p; Spl +1)... 9( +1) = (ph). . p6) = p", 


and this conclusion holds also (with equality) when all the ¢; are 
0, in which case y = 1. Hence (i) holds. 
Now consider a sequence for which 


p = p(t)... plir) > N’. 
Define an integer s, where 1 < s < R, by 
p(t) is p (ts-1) = NY < g (t) ren ue p(t). 
Putting 


Po = Ply)... (Es), 
we have 


Po S Pı- - -És < Pt, 
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and 
NY < po Solty). Plta) NI SNM. 


Now let x run through all distinct products ~,..., for which 
(15) holds for 7 = 1,...,s and for which 


pi > Pe > «4.0 > Dy 


and note that #, > 1 since g(t,) > 1. Let y run through all 
distinct products f,,, ... Pg for which (15) holds for 7=s-+1,...,R 
and for which 


Pott > - +. > Pr: 


where it is understood that the inequality p; > #,,, is to be 
replaced by $; = p,,, if ; = 1. The inequalities for x and pọ 
are satisfied. Each product xy, where (x, y) = 1 and xy SN, 
is a number d of the set corresponding to the sequence 4, .. ., tp, 
and it remains to consider how often each d is representable as xy. 

If, in the particular sequence ?,,...,¢, under consideration, 
we have ź, > łą the choice of x and y for given d is unique; 
for then x is the product of all those prime factors of d which 
are = y(t,) and y is the product of the others. Now suppose 


P (ts) = P(ts+1)) and let 


be e. . ey bes tea. o 8 ey bs, 


be all the ¢; equal to ¢,. Then the intervals for the prime factors 
Ps» - - - Ps Of x and the prime factors Ps+1, - - - Ps, of y all coincide. 
Any d which belongs to the set under consideration has exactly 
Sy — Sı + 1 distinct prime factors in this interval. Of these, any 
S— Sı + 1 can be assigned to x and the remaining ones to y. 
Hence the number of representations of d as xy is 


s —s,+ 1)’ 
and this is the same for all numbers d in the particular set. 


LEMMA 6. Let x run through one increasing sequence of positive 
integers and y run through another. Let u run through all products 
of cı factors, one from each of c, increasing sequences of positive 
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integers, and let v run through all products of c, factors, one from 
each of Cy increasing sequences of positive integers. Suppose that 
U > 1, X 2> l, and 


(17) Nt <UX «Ni. 


Suppose that 
U<U' KU, X <X' «KX. 
Let t satisfy 
Nt < t <N exp (—r®). 
Let 


6 
os + —, where (a,q) = 1 and exp (r*) Sq St. 
qt 


Let 
A= (g + gN)}, 


and let K be a positive integer satisfying 


KA”, 
Let 
K 
S= È |E ZÈ È e(akuxyv) |, 
k=1 u & Yv 








where the summation is extended over 
U <u sis X<x SX’, uxy SN, (x,y) = 1. 
Then 





S< KN (a= fi ( l p T) 
UX N l 
Proof. We recall first an elementary identity which is applicable 
to sums which are subject to the condition (x, y) = 1. If 2 is 
any set of pairs x, y of integers, and f(x,y) any function, the 
identity is 
a j(x,y)= È uld) B  f(dx', dy’). 
x,yvin# d21 dx’, dy’ in 2 
(a,y)=1 
The proof is immediate, since the coefficient of f(x, y) on the right 
is Lyw(d) extended over all d which divide both x and y. 
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Applying this principle to the sum S, we obtain 


K 
Ss i È | Dd e(akd2ux’y'v) 


k=1 d21 un y v 





J 


where x’ and y’ run through the sequences obtained by dividing 
by d those terms of the x and y sequences which are divisible by 
d, and where the summation is extended over 


(18) U <u SU’, X < dv SX’, @ux'y'v SN. 


We consider first the terms with d > A-! in the sum. The 
number of representations of an integer £ as ux’y’v does not 
exceed Te 4..42(¢), and consequently the number of solutions of 
the inequality ux'y'v SA, where A < N, is < år by Lemma 17 
of Chapter I, where c}, depends only on c, and c. The part of the 
multiple sum which corresponds to d > A-1 is therefore 


N 
< Krs 5 -< KNrA « KNA'-§, 
d>4-} 
since 4? < exp (—r®). Thus this part satisfies the desired 
inequality. 
It now suffices to consider the sum S’ defined by 


K 
(19) SS A es 


k=1 a@s47} 
where 


San = UD | 2B elakd?ux'y'o) |, 


the conditions of summation being those stated in (18). It will 
be convenient also to write 


K 
(20) S' = E Sa where S= È S 
asd! k=1 


The number of representations of an integer z as ux’ does not 
exceed T, 43(Z). Hence 


SexS E teal) | E E efakëzy'o) | 


d sS d i P vN i 
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where z runs through all integers of the interval indicated, and 
y', v have the same meaning as before. Applying Cauchy’s 
inequality, and using Lemma 17 of Chapter I, we obtain 


UX 
San <= p> 
| a ee 
a =| 


a 2 e(akd2zy'v) 


Y v 
ad?zy'v EN 


2 
’ 











where c, depends only on c,. We write the square of the sum as 
a double sum over y’, v, Yi, vı and interchange the order of 
summation. For specified y’, v, y,’, vı the variable z runs through 
all integers of a certain interval of length <UX/d. Hence 


(Sax)? 
X `~ [UX l 
yi > > > > min = nra 


1 / 
y’vSN(dUX)-! vyv SN(dUX)-} yv — yı v) || 





K 


Let y(t) denote the number of representations of an integer £ 
as y'v. Then the number of representations of an integer s as 
y'v — yı 1S 

2 y(t)p(t + s), 
and here ¢ runs through the integers of an interval of length 
<N(dUX). Noting that y(t) St,.41(¢), and using Lemma 17 
of Chapter I, we have 


Cs 
E 





ÈD y(tylt t s) S (È yt) (Vy + s))? < 
t t t aUxX 

where c, depends only on c,. Using this in the inequality for 
(Si p) we obtain 


N UX 1 
Pea <ar 2 min > <a) 
d 0<s<N(dUX)-} d || «dks || 
Consequently, applying Cauchy’s inequality in the definition of 
Sq in (20), we have 


KN & 
(21) (a <a 2 b2 min ( 
d 0<s<N(aUX)-} 


k=1 








UX i 
d’ || ads ||) 
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We now consider three cases, depending on the magnitude of 
q in relation to N. In all three cases the estimate will be derived 
from Lemma 8a of Chapter I, but the details vary. 


1 9 
Case 1. Suppose that N10 < q S Nw. We split up the interval 
of summation for d in (20) into «ry subintervals of the form 
D <d < D', where D < D' < 2D. 

For all values of d, k, s under consideration, we have 
dks = 2DKN(UX)-1.. The number of representations of a 

positive integer ¢ as d*ks is < N€. Hence (21) implies 
Nore UX 1 K2N*§ UX 
S 2 2 in = a: | nein 
2 y Sa)” <The = Ds inet D D 


<D’ 2DKN 
a 0<ts— 








3 


the last term being an estimate for the contribution of the terms 
in (21) with s=0. We split the interval of summation for ¢ 
into at most 

2DKN 

UXq 
intervals of length < g. For the sum over any subinterval, Lemma 


8a of Chapter I (with A= 1 and U replaced by UX/D, which 
is >> 1) gives the estimate UX/D + qlogg. Hence 


zo mi o š , 
p<asD D? \UXq D 1) 
KIN are $ q l —} 


< D E 





oa ON N 
Thus 
es 


l 
S 2 K2N2+2é (4° aa eae 
| 2. a) = i UX i N 


D<dsD’ 
Summing over the subintervals for d, which are «vy in number, 
we obtain from (20) the same estimate for (S’)?, apart from a 
factor 7? which can be absorbed in N*. This gives the result 
enunciated, since N? can be transferred as required, in view of 
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the fact that q and qN are greater than positive powers of N 
by the hypothesis of the present case. 


1 
Case 2. Suppose that q < N10, Let 6 = (d?, q) and put d? = 6d,, 
q = 6g, Let x= (k,q,) and put k= xk, q} = xg. Since 
d < A71, we have 


xd?Rk 





adık Od,k adk Od, k 
et ee ae 1” — 11 E 11 
qı qıT Go Got 
Here (ad,k,, q2) = 1, and 


2 —4 2 
hh Pho Ato ee 


< — < — < <= s<. 
T t VN „N q 4% 





For a particular value of k, the sum 
UX l 
(22) pa min (=, | 
0<s<N(dUX)- d || ad?ks || 


on the right of (21) can be estimated by Lemma 8a of Chapter I, 
with 4 = 1 and ajq replaced by ad,k,/g,. Taking intervals of 
length S q for s, we obtain for the above sum the estimate 


N? UX 
( ee i (~ + logg) 





aUX qe 
z i E N = =] 
Ne, Bt gux al 
Using this in (21), we obtain 
KN K/N N UX 
sre 8 (Erit 
(Sa? <a A la tet aoe ta 


We recall that g, = qax, where x = (q, k). The values of k which 
correspond to a particular x are multiples of x, and their number 
is at most K/x. Hence 
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+@+>—+— 


(= N N ea K 
dq, AUX 


x 





K?N N N 
K— q” (~ + 9+ = + ux), 
d? q 
Using this in (20), we obtain 
g xng*(~+ 2 m F l 
ee! N'UX' N 


This gives the inequality enunciated (with a different e). 


asA4 


9 
Case 3. Suppose that q > N10, In this case we must have 
9 
t > N10 also. Let 6 =. (dk, q) and put d*k = d,6, q = 9,0. Then 
ad*k = ats + ea) 
qı qıt 
and 
d, œk _d*k _ d*k 
peti ae ee < — 


am an nn 
Hence we can apply Lemma 8a of Chapter I to the sum (22), 
with 4 = d*k. We obtain for it the estimate 


N | UX 
1) (dek = + q, log g,). 
Carer T ) g THOEN 


Here the first term in the first bracket can be omitted, since 


3 3 3 9 
N NE 2 N4dk P N14- m N10 z 
qx a= 8 ; sae 
Hence, on noting that log q) < 7 < A=, we obtain on substitution 
in (21) 
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KN K 
(Sa)? <- 47 2 (dkUX + 4), 
k=1 
K2N 
(23) (Sa)? < —z AS (KUX + q). 


3 
We now use the hypothesis that UX <N4. This implies 


3 (NÈ 3 
dKUX «&« AANA & Cfr Kq. 
q 


Hence 
N2K24-€ q 
i 
Finally, by (20), 
4 l 
5! « NKA“ (2) Z Lenka 
N ass! 


whence the result. 


LEMMA 7. Suppose that in Lemma 6 the sequences for x and y 
reduce to the single number 1. Let the other hypotheses be as before, 
except that (17) is replaced by the weaker hypothesis 


Nł & U &« NAi. 
Then 


1 \3-€ 
S « KNA (4 it & ) 


Proof. In this case, since (x, y) = 1 necessarily, the sum- 
mation over d in the proof of Lemma 6 disappears and we can put 
d = 1 throughout. 

In Cases 1 and 2 of the proof of Lemma 6, the hypothesis 
UX < Ni was used only to transfer powers involving ¢. In 

l UX)" 
Case 1 we used the hypothesis when replacing Nf by (= + =) ; 
In Case 2 we used it when replacing A-® by the same expression. 
These replacements are now no longer needed, since the result 
asserted in the present lemma allows a factor A~. 
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We therefore need only consider the proof of Case 3 above. 
Putting d = 1 and X = 1 in (23), we obtain 
Sı <KNtA(KU + q}, 


and this estimate is valid also for S’ since there is now no sum- 
mation over d in (20). Hence 


S' <KNA~ = r | 
f N N 
< KNA= (47244 + A?)3, 
since U/N < A* and g/N < A*. This gives the estimate stated. 
THEOREM 3. Let t satisfy 
N? <t <N exp (— r“). 
Suppose that 


6 
a= = + m where (a, q) = 1 and exp (7°) Sq St. 
T 





q 
Let 
A = (g7 + gN =t 

Let 

K 

S= È | È e(akp) , 

k=1 |p£N 

where 
K & A>. 

Then 


S &« KN(A1€ + N-st), 
1 
Proof. Let P denote the product of all primes p < N5, and let 


1 
Q denote the product of all primes # satisfying N5 < p <N. 
For 7 = 1, 2, 3, 4, let D, run through all distinct products of 7 
distinct primes. Define S, by 
S, = S,(k) = L e(akD,). 


D,|0 
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Then obviously 
K 1 
= 2 | S1(k) G: O(KN5), 
k=1 


so it suffices to prove the result for the sum on the right here. 
For s = 1, 2, 3, 4 we define a sum W, by 


W,=W,(k) = È... B e(aky,... ya) 
lọ v,1Q 
Uy... VSN 


Each y is either 1 or a product of distinct primes all greater than 


N3. The contribution to this sum of all terms for which eres 
is divisible by the square of a prime is 





1+€ 
> < NB. 

p>Ns 
Excluding these terms, each product y,..., is a product of at 
most 4 distinct primes, and so is a divisor of Q. Any particular 
product of 7 distinct primes, where 7 = 1,..., 4 will occur sf 
times as a value of y,...¥,, since each of the primes can occur 
in any of y,,...,y, Hence 


4 
sS, + s?S, +... + tS, = W, + O(NS*). 


Thus the sums S,,...,S, are related to the sums W,,..., Wa 
by the four linear approximative equations 


Sit S,t Sat S=W,+0 


f+ 4 


(NV 
25; + 4Sa + 8S3 + 16S, = W, + O( r 
3S, + 9S, + 27S, + 81S, = W, + o(N3* 

4 
45, + 16S, + 64S, + 256S, = W, + O(N5*°). 


It is now plain that in order to prove the desired result it suffices 
to prove that 


K 
E (Wil +... +| Wal) < KN(41 + N=). 
k=1 
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We shall carry out the proof for X| W,|, and it will be plain 
k 


that the same method (with rather simpler details) applies to 
the sums of the other W’s. 


We have 
W= È... È e(aky,... 4), 
vılQ vlQ 
Y- -YSN 


and the first step is to express this in another form. We replace 
the condition y,|Q by the condition (y,, P) = 1, and so on. The 
only effect of this is to admit additional terms for which some y 


1 
is divisible by the square of a prime greater than N5. The sum of 


o 4 
such terms is O(N5*), as already proved. Hence it suffices to 
consider W,’, given by 
Wes Di ace (De CORA oy): 


(v P)=1 - (Y4, P)=1 
Yi- -EN 


In accordance with Lemma 2, we can express this alternatively as 
W, = È uld) dX... B uld) È e(akdym, ... dym), 
d,|P d,|P 


mı Ma 
dımı ene dama SN 


where the d’s and m’s take all positive integral values subject to 
the restrictions indicated. 

We now apply Lemma 5 to each of the four variables d4, da, ds, da. 
The values of d, can be distributed among at most D disjoint 
sets which satisfy (i) and (i) of Lemma 5, and similarly for 
də, dx, d} We also split up the interval 0 < m, SN into <r 
subintervals, each of the form 

M, <m SM, where M, < M’ <S 2M,, 
and similarly for mə, m5, mg. 
Now consider the contribution to & | W,'| corresponding to 
k 


four sets of values for d,, d,, dẹ, d} and to four subintervals for 
My, Mz, Mz, My. This is of the form 


K 
T= È |E... E e(akd,.. . m)! 
k=1 à m, 


dye m EN 
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where d,, da, da, da run through certain integers in the intervals 


pı S di S p, o a Pa S da < py", 
and m,, Mo, Mg, m, run through all integers in the intervals 
M, <m SM’, ..., Ma < m S My. 


The number of sums such as T which we have to consider is 
K D4 < rt exp ((log r)?) &« A~, 
and consequently it suffices to prove the inequality of the enun- 
ciation for each sum T. We can restrict ourselves to cases in which 
4 
(24) M... Ma Qı.. -p > N5, 


for in other cases we have the trivial estimate 


4 
TLENS 


where c can be taken arbitrarily small, and this gives the desired 
result. 


2 
Case 1. Suppose that M,M,M,M, S N5. Let ¢ be the least 
integer for which 


2 
M,M.M,M,9,...9; > N5; 
plainly 1 <ts4. Define y by 
2 
(25) MMMM pı eee PiN” = N5, 


so that p, > NY. Let o =%; then 0 < y S l1 — vo. 

The set of values of d, under consideration satisfies the con- 
dition g, > NY of part (ii) of Lemma 5. Hence there exist two 
increasing sequences of positive integers x and y, with 


(26) NY <xs N+P), 


such that the values of xy with (x, y) = 1 and xy SN give all 
the numbers d, each with the same multiplicity. 

We put u = mm ym md, . . . dı, and we divide the values of 
u into «y sets, each of which is contained in an interval 


(27) U <u < U’, where U < U’ < 2U. 
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We also divide the values of x into «ry sets, each of which is 
contained in an interval 


(28) X <x«<X', where X < X’ < 2X. 


If T, is the part of the sum T which corresponds to two such 
intervals of u and x, we have 


K 
sTy = X |Z È È Belakuxyv) |, 
k=l ue y v 

where u runs through integers of the interval (27) which are of 
the form m,m,m,m,d,...d,_,, and x runs through those numbers 
of its particular sequence lying in the interval (28), and where y 
runs through the sequence already mentioned, and where v runs 
through integers of the form d,,,...d, (or v = 1 if this product 
is empty). Also s is a positive integer, namely the multiplicity 
of the representations of the numbers d, in the form xy. 

The above multiple sum is of the type estimated in Lemma 6. 
All the hypotheses of that lemma are satisfied (c, and c, being 
at most 7), except possibly those relating to the magnitude of 
UX. As regards this, we have 


UX > (M,M,M,Map, . . . p, )N? = N3 
by (25) and (26), and 
UX < M,M,M,M,(q, . - - Pea) HN HDA) 
kK NIAo +5+0) — N50+0), 


Thus, if c is sufficiently small, all the hypotheses of Lemma 6 are 
satisfied, and it follows that 
T, K KN(A1— + N-s+), 
Since T, was any one of < 7? parts of T, tne desired result follows. 
Case 2. Suppose ua M,M oM; M, > N5 5 and that some product 


of M’s lies between N5 5 and N5. (The product of M’s may be a 
single M or a product of two or three distinct M’s or may be 
M,M,M,M,.) By permuting the M’s we can suppose that 


160 METHOD OF TRIGONOMETRICAL SUMS 


2 
N5 < M,... M, N3 


for some ¢ with 1 <7 <4. 
We introduce variables u and v by writing 


u = My ewer Mes; v= Mery enw ce M,d,doa4d,4. 
Then u is restricted to an interval of the form 
2 3 
U <u <U’ where U < U’ < 16U and N5 < U < N5. 


We apply Lemma 6 with the sequences for x and y consisting each 
of the single number 1, so that in particular we can replace X 
by 1 in the conclusion. It follows from Lemma 6 that 


T, <KN (s i p a x) | 
U N 
< KN(41—= + N-st®), 
whence the result, as before. 
Case 3. Suppose that M,M,M,M, > N 3 and that no product 
of M’s lies between N 3 and N 5. In particular, therefore, 
MMMM, > NB. 
We can suppose without loss of generality that M, SM, SM} SM4. 
We prove first that M, > N 3, In the contrary case, we should 
have Ma S M} S Na, whence MM, S N? and therefore, by the 
hypothesis of this case, MM, < N3. This implies Ma S M} S NB, 
Hence M,M,M, S NŠ, and > by the hypothesis, MMM, <N 3, 


But now M,M,M,M, < N5, contrary to the inequality stated 
above. 
We consider two cases. Suppose first that 


1 9 
M, <= NA‘ and either q < ND or q > N10, 


We apply the special form of Lemma 6 given in Lemma 7, 
taking 
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U = My, V = MyMyM,41d_d50,. 
We can take U = M,, since then Nt < U < N44. The result is 
Tı <KNA~*(A + (M,)—3+*) 
< KNA, 
since M, > Nt > A-? because of the hypothesis on g. Thus the 
result follows. 
Suppose next that 
1 9 
either M, > NA* or N10 < q S N10, 
In the latter of these alternative cases, N < 4-20. In the former, 
every value of 
dd,d,d4m,m.m, 


is < N/M, < 4+, and also k < K < A-*, Hence, in either case, 
the number of representations of any integer z as kd,d,d,dym,m.m, 
is <A-*. Thus 

T, K AEX | È e(azm,) |, 
where 0 < z <S KN/M, and m, runs through all integers of an 
interval of length <KN/z. It follows that 
KN 1 ) 


T, <A X min cad 
z z  |j az || 





Applying Lemma 8b of Chapter I, with W = KNandW,=KN/M,, 
we obtain 


s [EN KN , 
T, <A T r log (KN) 
4 q 


] g l 
KN4-* (= 2 =) 
< M, lf N aie ; 
< KNA- (N-# + q + gN7!) 
< KN(N- 4 42-2), 


whence the result. 
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NOTES ON CHAPTER IX 


The proofs in this chapter have been given in greater detail 
than in the original. It was found necessary to modify the final 
stages of the proof of Theorem 3, and in this connection a special 
form of Lemma 6, given in Lemma 7, has been introduced. 

Theorems 1 and 2b give estimates for the sum 

2 elap) 

psN 
which are used in the solution of Goldbach’s Problem for three 
primes in Chapter X. The estimate of Theorem 1 is significant 
only if q > v” (and of course g < Nr). The estimate of Theorem 
2b, on the other hand, is significant if q is greater than any fixed 
positive power of 7, however small, provided again that g is not 
too large. As g is small, it is natural that the proof of Theorem 2a, 
on which Theorem 2b depends, should make use of the regularity 
of distribution of the primes among the residue classes (mod q). 

It is possible to obtain the result of Chapter X without using 
Theorems 2a and 2b by basing the proof on Siegel’s class-number 
theorem instead of on Page’s work: see the Notes on Chapter X. 

Though we do not propose to comment in detail on the contents 
of Chapter IX, we would point out that Lemma 1, which is fun- 
damental for the work of the chapter, gives an estimate for a 
certain sum of the general form 2: Ye(«uv) mentioned in the 
Note on Vinogradov’s Method. Many of the later complications 
are due to the need for arranging that in applications of this 
lemma the number U-! + UN-! shall be reasonably small. 


CHAPTER X 


Goldbach’s Problem 


In the present chapter I give a solution of Goldbach’s problem 
concerning the representability of every sufficiently large odd 
number N as the sum of three primes, and I establish an asymp- 
totic formula for the number of representations. 

The method used here enables one also to solve more general 
additive problems involving primes, for example the question of 
the representability of large numbers N in the form 


N = þh” +... H 2," 


(Waring’s problem for primes). But I do not consider these more 
general questions here. 

For the solution of Goldbach’s problem I express the number of 
representations by an integral, similar to the one first used by 
Hardy and Littlewood in the same connection. As in Chapters 
IV and VII, I divide the interval of integration into basic and 
supplementary intervals. For the contribution of the basic inter- 
vals, a general method (that of Estermann, based on Page’s results 
on the distribution of primes in arithmetical progressions) had been 
worked out by English scholars not long before the appearance 
of my work on Goldbach’s problem in 1937. This method applies 
both to Goldbach’s problem and to more general additive problems 
with primes, and it is based on the modern theory of L-series. 
In the present chapter I treat the contribution of the basic inter- 
vals by using a simplified form of Page’s result (Lemma 1) in 
conjunction with Theorem 2a of Chapter IX, which was based 
on Brun’s method. In estimating the contribution of the supple- 
mentary intervals I use solely my own method, in the form of 
Theorems 1 and 2b of Chapter IX. 

Notation in this chapter. The letter p will always denote a prime. 
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N will be an arbitrarily large positive integer, and we put 
r = logg N. 


LEMMA 1 (Page). Let a(N; q, l) denote the number of primes p 
satisfying p S N and p =L (mod q), where (l, q) = 1. Let £ c, 
cı be fixed positive numbers, and suppose that 


0<q] Sr”. 
Then, if q is not exceptional, we have 
Iı {~d Nr-° 
AN q, 1) = f : og a 
(q)¥ 2 log x rp (q) 


The exceptional values of q, if any, are multiples of some one number 
Jo which satisfies 





Gy. re. 


Proof. This result is a deduction from those of A. Page, Proc. 
London Math. Soc. (2), 39 (1935), 116—141. The proof depends 
on the theory of L-series developed by Dirichlet, Riemann, 
Hadamard, de la Vallée Poussin, Hardy and Littlewood, Landau 
and others; and cannot be given here. 

Page’s Theorem 1 asserts that 

1 (Y dx N% 

a(N; q, l) =— f —— + O(N exp (— C7#)) +0 (2) 

p(q) X 2 log x rp (q) 
where o, = o,(qg) is the greatest real zero possessed by any L- 
function to the modulus q, and C is a positive absolute constant. 
As regards the first error term here, we have 
: Nr“ 
N exp (—Crz) &« Nro x , 
rp (q) 
since ¢(q) Sq <7". As regards the second error term, this also 
will be of the form stated in the present lemma if N: = 7°, 
that is, if 





(1) qi 
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Page’s Lemma 9 asserts that the more precise inequality 

cı < 1—C,/(log 7) is true for all but certain exceptional values 

of g, these exceptional values being multiples of some one number 

Jo Also o,(7) = 61(9)). Now Page’s Theorem 2 asserts that 
Ce 


o <= |] — —___— 
(do) gat log? (qo + 1)’ 


and since (1) is supposed not to hold for o, we obtain 
cgo? log? (Yq + 1) > Car/(log r). 


This implies the lower bound for g, stated in the present lemma, if 
N is sufficiently large. 


LEMMA 2. Let t = Nr-*, where c = 4, and let 


1/t 
= R=| (J ))e(—zN)dz, 
—1/T 
where 
N 
re) = [ax 
2 log x 
Then 
N? Ele 
Re O |—}. 
278 t z) 
Proof. Let 
f N e(z%) 
I(z) = | — dx. 
2 7 
Then 


| J(z) —I(z)| < I es-3) dx & Nr. 


Also, for |z | S1/t, both J (z) and I (z) are majorized by 
r-l min (N, | z |7*), 


by Lemma 14b of Chapter I; the condition | z| < N- being 
amply satisfied if |z| S l/t. Hence 
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i 
—1/t 


Further, since [(z) «771 | z|-1 always, we have 





(J (z))® — (I (2) )? | dz « [xr min (N, z-1))2dz 





Z Nrt, 


4 er) 
Í [Led a =| z3dz Z N*y-4. 


1/t 1/tT 


These two results show that if 


$ 
Rys f go) e(—zN )dz, 


then 
R— Ro « N*r-+. 
Next, putting 


we have I(z) —S(z) «r! for |z| <4, as a special case of 
Lemma 13 of Chapter I (or directly). Hence 


by 
[| ror- (sey 
Thus, if 


4 
dz & f y-l(y-l min (N, 271) )?dz « Nr. 
0 








$ 
ke = f e) e(— zN )dz, 


then 
R — R, & N*r. 


Now, by the definition of S(z), 
$ N N N 
PR = 2 2 È e(z(xi + x, + x — N))dz, 
—4 %=3 f=3 g=3 


and this equals the number of representations of N as *,+%,+4% 
where 4%, %ə %, are integers = 3. Plainly this number is 
4N? + O(N), whence 


R, = r>(4N? + O(N)), 


and the result follows. 
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THEOREM. The number I(N) of representations of an odd positive 
integer N as Pı + po + p can be expressed by the formula 





I(N) s ow +0(—). 


3 
2y ye 


where € > 0 and 


a pap) Baeza) 


the first product being extended over all primes. Moreover, the 
product G(N) satisfies 
6(N) > a 
7 
for all N. 

COROLLARY (Goldbach’s theorem). There exists a number cy such 
that every odd integer N = cy can be represented as the sum of three 
primes. 

Proof. Define S(a«) by 

S(a) = È e(ap). 


PSN 
By Lemma 4 of Chapter I, we have 
1-1/T 
I(N) = f iSi e aN jaa 
=1/T 


We divide the interval of integration into basic and supplement- 
ary intervals. Let 
T=", 


We define the basic intervals to consist of all « of the form 
a 
(2) a=- +z, where (a,q) = 1, |z|S1/t, 0<q <7; 
q 
and the intervals which remain after the removal of these from 


the interval of integration will be the supplementary intervals. 
Plainly no two basic intervals overlap, since (with an obvious 
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notation) 





ay aaj se l 6 > 2 
— — — | > — >77 Se | Bi tiz 
qi 2 9192 T 


By Lemma 7 of Chapter I, any « of a supplementary interval 
can be represented by 





(3) aoe where (a, q) = 1, |z| S (tq), P <q St. 


We write I(N) as 
I(N) =1,(N) + (N), 


where J,(N) denotes the contribution of the basic intervals to 
the integral for J(N), and J,(N) denotes the contribution of the 
supplementary intervals. 

The proof of the theorem falls into five stages. 

l. The estimation of I,(N). Let «a be in a supplementary inter- 
val, and therefore of the form (3). If q > 7'4 we apply Theorem I 
of Chapter IX, the hypotheses of which are satisfied since 
|z| S (tq) + Sq. We obtain 


Sla) K N ( (g-? + gN-)t + exp (— 37h) < Nr. 


If 7? < q <7! we apply Theorem 2b of Chapter IX, the hypo- 
theses of which are satisfied, and obtain 


N (rq)" 
r/q 


5 
otf . 


S(a)< < Nr- 





Hence 
LIN) <Nr Pap CoA 
The integral on the right represents the number of solutions of 
p = p' SN, and is therefore < Nr—!. Hence 
LN) < N7", 


2. Basic intervals corresponding to a non-exceptional value of q. 
Putting c, = 3 and c = 48 in Lemma 1, we have 
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p (q) 


for q < 7, provided that q is not exceptional. We shall apply 
this result with N replaced by various other numbers. Strictly 
speaking, the concept of “exceptional” and ‘‘non-exceptional”’ 
values of q is one which is relative to N. But in the applications 
of (4) which are made later, N will be replaced by numbers whose 
logarithms are always asymptotically equal to 7, and it is apparent 
from the proof of Lemma 1 that the same definition of ‘‘ex- 
ceptional q’’ and of qọ will serve for all such numbers. 

Let Isa denote the contribution to Z (N) made by an in- 
dividual basic interval corresponding to a fraction ajq for which q 
is not exceptional. Let 


D = [r], A = NID. 


4) a(N; 9,1) = -7 f i eG (“| 


2 log x 


We split the sum S(«) into D — 1 sums of the form 
S(a, Ny) = a elap), 


N,-A<pSsn, 
where N, takes the values 
(5) N, = N—sA for s=0,1,..., D— 2. 


There remains a sum over p < N — (D — 1)A = A, and this is 
< Nri, Hence 


(6) S(«) = È S(«, N,) + O(Nr-1), 
Ni 
where N, takes the values (5). The lower limit of any sum is 


at least A, the logarithm of which is asymptotically equal to v. 
In each term of the sum S(«, N,), we have 


e(zp) = e(2N,) + O(| 2| 4). 


The number of terms in the sum is 


f dx + O(N 49 — OlAr- 
y,-4 log x i ae 


using the special case q = 1 of (4). Hence, since 
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(2 AjArt <a <A, 
we have 


(7) S(«, Ni) =e(2N,) YD  e,(ap) + O(Ar8), 


N,-A<psn, 


The number of terms in the sum on the right satisfying p = l 
(mod q), where (l, q) = 1, is 


l f N dx a 
ES +0 (4), 
p (9) J na log x p(g) 
by Lemma 1 in the form (4). The number of terms for which p 
divides g is <q <r? < Ar-!8, Hence 








Se Niet aa vf E poppi 
a, a) ae €,(alje(zN, aa (Ar—®) 


(l,@)=1 


~ /* e(zN,) dx + O(Ar8) 


(gq) J v-a log x 


“(q) | Nı e(zx) 


p (q) J n-a log x 





dx + O(Ar7}8), 


— 
— 


since e(zN,) — e(zx) &« |z| A in the interval of integration, and 
|z| A. Ar! < Ar! as verified above. 
Adding the various sums S(«, N,), we obtain from (6) 


ulg) 
p (q) 


The contribution of the particular basic interval in question is 
given by 


n E (or WE e 


Now /J(z) <7! min (N, |z |) in the interval of integration, 
by Lemma 14b of Chapter I. Hence 


S(a) = ~~ J (z) + O (N7). 
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a a ° (ulg) i 
Fel SG+2)) G7) [4 
Ny-18 (it N2y—20 
-1 min (N, z-1))2d À 
at E p°(q) 
Hence 
i= tO E l TE EN — |. 
we = Catt Na) | Oea + 0 (E) 
Summing for a over 0 Sa < q, (a, q) = 1, we obtain 
N2 —20 
Ele = GR + 0( “| 
where 
Gig) — LD) Ng 
o) Gma “* ) 
and 
1/t 
R= T (J (z))8e(— zN )dz. 


By Lemma 2 together with the obvious inequality |G (q) < (¢(q))2, 
it follows that 


N2 N2 
ZI = — G OV N I, 
eo i) + Cand 


3. Basic intervals corresponding to an exceptional value of q. 
Again we split up S(«) into D — 1 sums S(a, N,) as in (6), where 
N, takes the values (5); and again we express S(a, N,) in the 
form (7). 

The contribution J, Of an individual basic interval is 


t= [i (ole) Et) 
=X 2 I, (Na Ne, N3) + O(N), 


where N,, No, N; assume the values (5) and where 
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Lii (Nis No, N3) = 


t/a ‘a a a 
f s +z, m)s(E +a )s(4 + zNa) e(—(2+2)N)az, 
-it \q q q q . 


and where the error term O(N*r-3!) arises from the error term 
in (6). If we replace each S here by the main term on the right 
of (7), the error introduced is 


< THAT PAra ASN y. 
Hence 
Iaa (Ni No, Na) = S'(N1)S' (Na)S' (N3)ea(—Na)W + O(A3N-1r-), 
where 


S'(Nı) = B  e,(ap) 


N,-4<pSN 


and 

1/T 

VS f e(z(N, + Na + Na — N) )dz. 
-ijt 
To obtain an estimate for the sums S’ we appeal to Theorem 

2a of Chapter IX. This shows that 
Ar® 
rq 
To estimate W we observe that if N, = N — s,A, etc., as in (5), 
then 


S (N1) < 


W < min (t7, | A (2D — sı — Sa — Sg) | 71). 


Substituting these estimates in the expression for I, a(Nı, No, N3) 
and then summing over Sj, Sə, Sa, we obtain 

Ay®2\3 D-1 D-1 D-1 

laa <( p> & min (t, | A(2D — sı — Sa — 55) |71) 
Vg 





PENIN yea Naya, 


For a given integer A, the number of solutions of the equation 
2D — sy — Sa — S = h will be < D*. Hence 
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D-1 D-1 D-1 
x È min (zr, | A(2D —s, — sS — $3)|7!) 
$,=0 s)=0 s4=0 M 
< Dr + D? S (hA) < D?A-17, 
Thus m 
N2": NB 





27-6 
laa X qi tN 


Summing over a, for a particular q, we obtain 
N27* 

Pgh 
It will be convenient to express this in a form comparable with 
that of the corresponding result obtained in the previous stage. 
Since N27-3G (q) « N?r-3((q))-?, we can write the result as 


N? N2y*4 
2 Tae = ga CU) + o(a) 

4. The formula for I(N). By the results of the last two stages, 
on recalling that the exceptional values of q considered in the 
last stage are multiples of qọ we have 

N? 
LN)—z E Cl) 
Y asr? 
< D i + Ae 
as (9(g))? ssri ° (08)? 
NA N Cy N?2r*s 
1o 


2 Iaa < ay 





OR 


2) 
ys qè ; 


ya 
since qo >> 7?—, Also 
N? iN? N? 


Thus, taking into account the estimate for J,(N) obtained in the 
first stage, we have 


rN) = 55 È coa +o (Se) 


2 gi yT 





174 METHOD OF TRIGONOMETRICAL SUMS 


5. The investigation of S(N). We first prove that if (qi, qa) = 1 
then 


G(91)G (G2) = G (992). 


Since u(q) and g(q) are well known to be multiplicative, it suffices 
to prove that the sum 

q—1 

dX e,(— Na) 

(a0) =1 
is a multiplicative function of g. This is immediate, since if a, 
runs through a reduced set of residues (mod g,) and a, runs 
through a reduced set of residues (mod q+), then aqa + ag, runs 
through a reduced set of residues (mod 4q,q.). 
The series 


p= 14+ Gp) + G) +... 
we have 
6(N) = IT &,. 
Now G(f*) = 0 if s > 1, since then u(p°) = 0. Also 
(p — 1)-3 if N is not 


l p-1 divisible by 4, 
G) = — Gaps & Na) =] (p — 1-2 N is divisible 
by Ż. 

Hence 


(8) ew) = i (1+ 5) (1-25) 


This is equivalent to the formula stated in the enunciation, since 


1—(@—1)> 


L+(p—1)% sp? — 36 +3 
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As regards the magnitude of 6(N), we have, by (8), 


6(N) > n(1———] 


p|N 
1 6 
> I (1—5) = = 


since N is odd and consequently in the former product we have 
p— 1 2 p, where #, is the greatest prime less than #. 
This completes the proof of the theorem. 


NOTES ON CHAPTER X 


This chapter has been expanded, and details of arguments 
supplied, but otherwise there is no significant change. The 
deduction of Lemma 1 from the results explicity stated by Page 
has been inserted, and attention has been drawn to the relative 
nature of the concept of “exceptional q”. 

It will be noted that in the present chapter the lengths of the 
basic intervals are defined by |z| < 17! instead of by | z | Sq-4t" 
as in the chapters on Waring’s Problem. The reason why this 
simplification is possible lies in the small order of magnitude of q 
in the present definition. 

An alternative way of obtaining the results of this chapter is 
to base the treatment on a theorem of Siegel instead of on the 
work of Page. Siegel’s theorem implies that 


Nig) = f+ OUN exp (—e (log Nh) 
a(N; q, ) =—— | —— exp (— c (log N)z)), 
(9g) X 2 log x 
for some positive absolute constant c. This is a stronger result 
than that of Page, and there are no exceptional values of q. 
It enables one to approximate to Xie(ap) when « is near to a 
rational number a/q with q < r“ for any fixed c,. If c, is chosen 
fairly large, Theorem I of Chapter IX provides a sufficiently 
good estimate when « is not of the above form. For a treatment 
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of Goldbach’s Problem on these lines, see T. Estermann, Introduc- 
tion to modern prime number theory (Cambridge, 1952). Ester- 
mann’s Theorem 56 is a special case of Theorem I of Chapter IX. 

A detailed account of recent researches on Waring’s Problem 
for primes, using Vinogradov’s method, is given in L. K. Hua’s 
monograph Additive theory of prime numbers, Travaux de l Institut 
mathématique Stekloff, XXII (Moscow and Leningrad, 1947; 
Russian with English summary). 


CHAPTER XI 


The Distribution of the Fractional Parts 
of the Values of the Function ap 


In this chapter, the results of Chapter IX are applied to the 
solution of the problem of the distribution of the fractional parts 
of the values of the function «p when # runs through primes not 
exceeding N. 

The method used here makes it possible to solve the general 
problem of the distribution of the fractional parts of the values 
of a function /(f) when f($) is a polynomial of degree higher than 
the first, and also when /(#) is a function which approximates 
well in a certain sense to a polynomial. But we shall not consider 
these questions here. 

Notation in this chapter. The letter p will always denote primes. 
N will be an arbitrarily large positive integer, and log N = 7. 
We denote by z(N) the number of primes not exceeding N. 


THEOREM. Let t satisfy 
N? <t SN exp (—?r*). 
Let « be real, and suppose that 


6 
a= 4 + —, where (a, q) = 1l and exp (7°) Sq St. 
E 
Let H(N) denote the number of primes p satisfying 


p SN, {p} SB, 
where 0 <B<1. Then 
H(N) = px(N) + O(Ny), 
where 
y = (gt + gN) + NHE, 
177 
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Proof. Let 
Sm = È e(amp), 


paN 


where m is a positive integer. The hypotheses on t, a, q are 
the same as in Theorem 3 of Chapter IX. 
Let s be any fixed positive number, and let 


A, = (7) + gN-1)t- + N-i, 
Kı = [47°]. 


Then taking «, in place of e in Theorem 3 of Chapter IX, and 
noting that 4, > A, it follows that if 


K 
Ux = p> ere l 
m=1 
then 
Ug <KNA, 


for any positive integer K < K.. 

The proof of the present theorem, starting from this inequality, 
is essentially the same as the proof of the theorem in Chapter VIII. 
We can suppose that 4, < i, since N is large. For any real 
A, B with 0 < B— A <1—24A4,, we apply Lemma 12 of 
Chapter I with 


r= l, a = A — 44, $ = B + 44.. 


We obtain a function p(z) with period 1, whose value always 
lies between 0 and 1 and is 


lif A Sz <B (mod 1), 
0if B+A4,S2z51+A—A, (mod 1). 
This function has the Fourier series expansion 
y(2) = (B—A+A,) + È (an cos 2nmz + bm sin 2mz), 
m=1 


where am E Ams Om K Am, if Am is defined by Ap = mif m S 4, 
hm = 4,-1m~ if m > 4,71. It follows that 
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D p(ap) = (B—A + Ay)a(N) + E (amSm F OmSm'”); 
pSN m=1 
where Sm and Sm” are defined by Sm = Sm + 7S,,”". 

We have 


D (AmSm Umm. ) K È hnl Sal 
m=1 


m=1 


= È Mal Sm|+ È hm | SmI. 


mSK, m>K, 


We apply partial summation to the first sum. Noting that 
0 Sh, — Amy Km for all m, we obtain 


a hm | Sm| = p> hel jg — U n) 


mSK, mSK, 
= È (Am — Amt1)U m + hx, Ux, 
mSK,-1 
< E m*mNA, + (4,7K,2)(K,NA,) 
msK,-1 


< NA, log K, + NK, 
< NA, log (4,4) + NA? 
< Ny, 


if we take e in the definition of y to be 2e,. Since | S,,| SN 
trivially, we have also 
Mim | Sm|K È Ay im ?N «NA, & Ny. 
m>K, m>kK, 

Hence 

4 p(ap) = (B— A)n(N) + O(Ny). 

DSN 

The rest of the proof is completed in the same way as in Chapter 

VIII, and the conclusion follows. 
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If « is an irrational number whose partial quotients are bounded, 
we can choose q to lie between two constant multiples of yN, 
and the conclusion of the Theorem is that 


H(N) = Ba(N) + O(N-#+). 


The error term is remarkably good, and is of course much better 
than any error term that is known for the asymptotic expression 
of x(N) itself as a function of N. 

The Theorem has one imperfection; as it stands it does not 
establish that tf a 7s any fixed irrational number then the fractional 
parts of ap are untformly distributed in the interval (0, 1). For 
if N is an arbitrarily large integer, and we approximate to a by 
a/q in the usual way, with t = N exp (—r®), then q may not 
satisfy the hypothesis q = exp (7). Indeed, this will certainly 
happen if « is an irrational number whose partial quotients in- 
crease with great rapidity. 

The result stated above is in fact true, and it is easy to com- 
plete the proof by dealing separately with the case when q < exp(7**). 
Theorem 2b of Chapter IX covers this case if ¢g 27°, and if 
q < yr the result can easily be deduced from what is known 
concerning the distribution of primes in arithmetical progressions. 

The result can be expressed in another form, as was suggested 
by Professor Heilbronn (in conversation): if % > 1 and a ts 
not an integer, the numbers [na], for n = 1, 2,..., include in- 
finitely many primes. For the integers m given by m = [nag] 
are precisely those integers m for which 


l l 
L= {2 m| S 1l, 
Ko Xo 

and if a is irrational the above result with « = 1/a, implies 
that there are infinitely many prime values of m with this property. 
If aw is rational, but not an integer, the numbers of the form 
[næg] include at least one arithmetical progression ax + b with 
(a, b) = 1, and the result follows from Dirichlet’s theorem. 


